7 O TECHNIQUES OF INTEGRATION

1.1 Integration by Parts

L Letu=Inz, dv=2dzr = du= dz/z, v = 1z Then by Equation 2, Judv=wv — [vdu,

Jzlnzde = %:cﬁna:—f%x?(dm/z) =32°Inz -1 [zdr = 32z —1. 124 C

=12’Inz - 1221 ¢

2 Letu=0,dv =sec’0df = du=df, v =tan6. Then
f@sec29d9:9ta110—ftan0d0:0tan0—111|sec0|+C.

3. Letu=z.dv=cosbrdr = du=dzgv— %sin 5. Then by Equation 2,

Jzcosbedr = %acsinfxv—fésinf)xdw = éxsin5x+ Elgcos5m+C.

dletu==zxdv=e"dzr = du=— dx.v = —e™®. Then

Jze dr=—ze ™ + JeFdr=—ge™* — e 4 (.

5. Letu=r.dv=e¢"2dr = duy= dr. v = 2¢"™/2. Then
[rem?dr = 2rem/? — f2er/2 dr = 2re™/? — 4¢7/2 4 O,

6. Letu =t dv =sin2tdt = duy— dt.v = —%coth‘ Then

[tsin2tdt = —%tcos2t+%fc082tdt = —4tcos2t + 1sin2t + C.

1. Letu = 22, dv = sinrz dx = du=2zdrandv = —7—1r cos mz. Then
— [ 2 o - 1.2 2 )
I=[z2*sinnadr = —zz cosmz + 2 [z cosmr dz ().
NextletU = z,dV = cosrzder = dU = de,V = %sinﬂw. SO
[zcoswzdr = Lasinme — L [sinrzdz = Lzsinme + % cosmz +C. Substituting for [ z cos 7 dz in (x).
1.2

we get [ = —zT cosTx + %(%xsinm;—i— ;%cosm:—l—Cl) = —%x2cos7rx+ 7r%—wsinﬂ'm—f— ;23'(:0377'33-,—0,

where C' = %Cl.
8 Letu = 22, dv = cosmrdr = du=2zdr. v = ﬁz—sinmx.
2 . .
Then I = /x cosmzdr = #mz sinmz — % /zsmmxdm (*). Next let

U=2z.dV =sinmzdr = dU = dz.V = ~$ cos mzx. so
i — 1 r T A g
fzsmmmd:c = —3,xcosmz + poey j cosmz dr = T cosme + poo sinmz + C;.

Substituting for J zsinma dz in (x). we get

2 2 1

3 2(_1 JB S — 1.2 . 2 2
sin max m( mxcosmx—i—mzsmm:r+0’1)~mm SINMT + 5 xcosmz — ~% sinma 4 C.

where C = ~%Cl.

— 1
I—m:r:

555
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9.

10.

1.

12.

13.

14.

dz, v = z. Then

Let u = In(2 1).dv=dz = du=
u=In(2z + 1). dv x u= 5

2z+1)—1

2x+1 dz

/ln(2:c+ 1)de = zIn(2z + 1) — / 2;?:_ 1 de =zln(2z+1) - /

' 1
:xln(2x+1)—/ (1— 2x+1> de=zIn(z+1)—z+ 52z +1)+C

=3(2x +1) In(2z +1) —z+C

Letu =sin" 'z, dv=dz = du= __(_ix__ v = x. Then
1—x2

fsin“l zdr = zsin" 'z — / \/% dx. Settingt =1 — z%, we get dt = —2zdz, S0
-z

—/—% = [P (-Ldt) = %(2#/2) +C=1t"*+C=1-2a%+C. Hence

fsin'lmd:z::msin’lx+\/1 —z24+C.

Letu = arctandt. dv =dt = du= 4 dt 4

= dt,v =t. Th
T @ " 1ree ™ o
4t 1 [ 32t
/ arctan 4t dt = tarctan4t — / m dt = tarctan 4t — 3 / m dt

— tarctan4t — L In(1 + 16t*) +C

1
Letu = Inp. dv =p°dp = du= I—)dp. v = épﬁ. Then
[p*pdp = ip®lnp—§ [ p’dp = §p°Inp — 559" +C-

Firstletu = (Inz)>. dv=de = du= 2Inz - % dx, v = z. Then by Equation 2,
I=[(lnz)*dx —z(lnz)? -2 [zlng- ;dz = z(lnz)? — 2 [Inz de. NextletU = Inz. v =dz =
dU = 1/zdz.V = ztoget [Inzdr =zlnz — _fm~(1/x)dx=mlnw—fdw = zlnz — = + Ci. Thus,

I =z(nz)® —2(@znz—z+C1) = z(Inz)? — 2zInz + 2z + C. where C = -2C1.

Letu—t3.dv=etdt = du=3t>dt.v=e’ Thenl= [t3etdt =te — [ 3t2e* dt. Integrate by parts
twice more with dv = €’ dt.
I=t%"— (3tzet — fﬁtet dt) = ¢3! — 3t%e' + 6te’ — f6et dt
_ 13t _ 382 + 6tet — 6 + C = (t* — 3t> + 6t —6)e" +C
More generally. if p(t) is a polynomial of degree n in t, then repeated integration by parts shows that

[p®yetde = [p(t) = /() +p"®) —p @O+ + (D" p@)]e +C.
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15. First let w = sin360. dv = e*df = du = 3cos30df. v — %629. Then
I=[e*sin30do = 1% 5in360 — 3 [ €* cos 39 df. Next let U = cos 36.
dV =e*df = dU = —3sin30d0.V = 1e* to get
J €*® cos30do = 1e* cos36 + 3 [ €% sin30 df. Substituting in the previous formula gives
I=3e*sin30 — 2% cos 30 — 1/€¥sin30d9 = 1e*sin30 — 2e*cos39 - 21 =

1= 3e”sin30 — 3¢ cos 30 + C,. Hence. [= 75¢”°(2sin 30 — 3cos 30) + C. where C = 20

16. Firstletu = e % dv = cos20df = du = —e70df, v = %sin 26. Then
I'=[e%cos20do = se %sin26 — [ 1sin26 (—e? df) = Je ?sin20 + 3 [ e sin20df.
NextletU = e™® dV =sin20df = dU = —e~%d.V = —3 c0s 20, so
e sin20do = —2e % cos 260 — J(=%) cos 20(—e % df) = —1e % cos 26 — 3 [ e % cos 20 d6.
Sol= %e_osin%—l— % [(—%e‘o cos20) — %I] = %e‘esin% — ie‘e cos 26 — i[ =
%I = %e‘e sin 20 — %e_e cos20 +C, =
I= g(%e—e sin 20 — 416“9 cos 20 + C’1) = %eﬁesin 20 — %e‘e cos20 + C.
17. Letu = y, dv = sinhydy = du= dy. v = coshy. Then
Jysinhydy = ycoshy — [ coshydy = ycoshy — sinhy + C.

18. Letu = y, dv = coshaydy = du =dy, v = Sl—nhﬂ. Then
a

ysinhay 1

1 ysinhay  coshay
a a

a a?

/ycosh aydy = /sinh aydy = +C.

19. Letu = ¢, dv =sin3tdt = dy— dt,v = —% cos 3t. Then

Jo tsin3tdt = [—%t cos3t];r +%f0"cos3tdt = (37 —-0) + é[sin3t];r =1

20. Firstletu = 22 + 1, dv = e % dz = du=2zdz,v=—e%. By (6),
Ji (@ +1)e " dz = [~ (@ +1)e™®]) + [} 2we " dz = —2¢1 41 + 2 [ ze™ da. Next let
U=z dV=e¢%dx = dU=dz.V = —e-. By (6) again,

fol ze “dr = [—xe_z]; + fol e dr=—e"! + {—e‘z]; =-el—el41=-2"141 So

Jo(@+1)e"de = —2e1 414 2(-2e7"+ 1) =2 f1-de ' 4 2= —6e! 43,

A Letu =Inz,dv=2"%dr = duy= édm. v =—z"! By (6),

®Ing | Inz 2 2, 1 1]? 1 1 11
) ? T = *7 1+ ; T dm:—51n2+ln1+ —; 1:—§ln2+0—§+1:5~§ln2.

22 Letu =Int.dv=+idt = du= dt/t.v = 2¢3/2. By Formula 6,

4 4
JiVEmtdt = [gtwlnt] ~3 /i Vidi=%-8ma-0-[2. 367 = nd4-2(8—1)= g2
1 1
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d
23. Letuzy.dvzg%ze_2ydy = du:dy.v:—%e‘%. Then
1 1
_or_1,.-2y)l 1 —2 -2 —oy]?t _ _ _
L= e g [ ey = (0 4[] = pe et =g R

2. Letu=z.dv=csc’zdr = du=dz,v=—cotz. Then

/2

™ /2
Ir /2mcsc2xd:c#[ xcotxﬂ/4+f cot:vdw:—lzrw()—l—%‘l—i—[ln|sinx|} p [see Exercise 5.5.35]

—T4+ll-lndp=5+0-l2"=F+3mn2

dr
2% letu =cos ‘z.dv=dr = du=-——F—=.V=1T. Then
V1—1x2
1/2 /2 4 de 3/4 1
I= cos txdr =z o5 z]/? =53 / V2| 2 dt| wheret =1 — 2
/0 [Cb ]0+0 m 23—1—1 3 where 11—z

= dt=-2zdz. Thus, I=Z2+3%[;,t7"7dt=5F+ [\/Z];/4zg+1—%§ =1(r+6-3V3).

2. Letu = z.dv = 5"de = du=dz.v=(5%/In5). Then

1 z71 1 gz z 71
5 5 5 1[5 5 5 1
5% dr = — P e - — | —| = —s t T3
/0’” e [ms]o /0 5" s 1115[1115]0 5 (m5)7 | (n5)

5 4

In5  (In5)>

cos T .
dx, v = sinz. Then

27. Letu = In(sinz), dv = cosxdr = du = —
sinx

I = [coszIn(sinz)dz = sinzln (sinz) — [coszdz = sinzln (sinz) —sinz + C.

Another method: Substitute t = sinx. so dt = cosz dz. ThenI = flntdt — tint — t + C (see Example 2) and

soI =sinz (Insinz — 1) + C.

28. Letu = arctan(l/z). dv=dx = du= -1?11/?)3 : ;—;d:v = w—;%,v = z. Then
V3 1\ V3 zdz T T 1 V3
— _ - = —_ = . —_ —_ 2
/1 arctan(l/z)dz = {zarctan(m)]l +/1 2l V3 6 1 1 + 2[111(&6 —i—l)}1
71'\/— ™ 1 7r\/§ T 1 4 Tr\/§ ™ 1
_—_———— — —1 = —_—— = — _ = —_——— —l 2
4t—{-2(1n4 n2) 6 2+2ln2 6 2—%—2n

29 Letw =Inz = dw=dz/z. Thenz =e" anddzr = e dw, so
[cos(Inz)dz = [ e coswdw = le" (sinw +cosw) + C  [by the method of Example 4]

=1z [sin (Inz) + cos (In z)]+C

30. Letu = r2. dv = ﬁdr = du=2rdr,v=+v4+712% By(6),
T

! 3 |2 1 ! . 24 3/2]1
/0 ___4+T2dr#[r \/4+r2]0—2/0 r\/4+r2dr—\/g—§[(4+w) ]0
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9 4 Inz z°
N Letu= (Inz)’ . dv=z'de = du —2—da:v—— By (6).

2 5 2 z4 2 4
/ *(Inz)? dz = [— (lnx)2J —2/ —Inzdr = %(ln?)2 —0—2/ — Inzdz.
1 5 L 1 5 5

J1
4 5
LetU:ln:c,dV:%dz = dU:ldx.V:;—E).

5 72
Then/ —lnxdw—{—ln$} /—d:c—321112 0—[15625} :%1112_(13225—ﬁ)‘

So jl (Inz)*dz = 2(In2)? - 2(Zm2- &)= 2(In2)? - S22+ =.

32 Letu =sin(t —s).dv=e’ds = du= —cos(t — s)ds. v = e°. Then
I= fot e’sin(t — s)ds = [e"sin(t — s)]! + jot e’ cos(t — s)ds = e'sin0 — e®sint + I;. For
I, letU = cos(t — s). dV =e€’ds = dU =sin(t —s)ds.V = e*. So
I = [e® cos(t — s)]} — /0 e’ sin(t — s)ds = e’ cos0 — e’ cost — I. Thus. I = —sint+e' —cost — I =

2[:et—cost—smt = I=1(e —cost —sint).

3. Letw = y/z. so that z = w? and dzr = 2w dw. Thus. [sinyzdz = [ 2wsinw dw. Now use parts with u = 2.

dv:sinwdw.du:2dw.v:—coswloget
f2wsinwdw:—2wcosw+f2coswdw = —2wcosw + 2sinw + C
:—Zﬁcos\/g+2sin\/i+C:2(sin\/5—\/Ecos\/E)+C
34. Letw = /Z. so that z = w? and dz = 2w dw. Thus. f4 Ve dg = ff e 2w dw. Now use parts with u = 2w,
dv=e" dw.du = 2dw, v = e togetj1 2w dw = [2we"] —2f e dw:4e2—2e—2(e2—e)=262.
35. Let 2 = 62, so that dz = 20 df. Thus. f\/——03 cos(6%) df = f\/— 6” cos(6?) - L(20.d6) = 5 [T, xcosz da.
Now use parts with u = z. dv = cos  dz. du = dz.v =sinz to get
1 :/,chosxda:=%([a:s1nx]”/2 [, sinz dz) = 3 [zsinz + cosz]T,
:%(ﬂsinﬂ+cos7r)—%(%si11%+cos§) :%(77-0—1)—%(%-14—0) =-3-3
% [2%c dz = [ (+*) e 2do = [Pe'Ldt [wheret —2? = 1dt = zda

=3(t*—2t+2)e' +C [byExample3] = 3(e* -2 12) e 4 ¢

In Exercises 37-40, let f(z) denote the integrand and F(z) its antiderivative (with C' — 0).

1.2
3. Letu =2.dv=costzdr = du= dz,v = (sinwz) /7. Then /\
/mcosmvdx:w-Smﬂm~/sm7mdm:xsmﬁxﬁ-COSTmﬁ-C. L fﬂ
™ T ™ w2 /

' -2 h—+ 2
We see from the graph that this is reasonable, since F' has extreme values / \
where f is 0. \/ d
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38. Letu = Inz, dv = z*/%dz = duzidm.v:%mE‘/g.Then 3

.fm3/2lnxdm: %m5/21nx— %f:z:3/2d:c = %ms/zlnm— (%)Qavs/2 +C

SN

22 Inzx — g‘gw5/2 +C.

We see from the graph that this is reasonable, since F has a minimum

where f changes from negative to positive.

39, Letu =2z + 3.dv=¢€"dz = du=2dz,v=_¢e" Then
[(2z + 3)e” dx = (2z + 3)€” —2[e"dr = (2z +3)e” —2e" +C =
(22 + 1) €® + C. We see from the graph that this is reasonable, since F’

has a minimum where f changes from negative to positive.

40. fwsezz dz = f:z:2 ze® de = 1.

5 2 2
Letu = z2,dv = xze* dz = du:2mdm.v:%e” . Then

I= %m%’j —f ze® dx = %xzexz - %emz +C= %e“z (- 1) +C. -2 '\/é — 2
We see from the graph that this is reasonable. since F' has a minimum L /
where f changes from negative to positive. / 3
. . . in 2
#1. (a) Take n = 2 in Example 6 to get [sin® zdx = —Lcoszsinz + i[1de= % - Sm4 ric.
(b) fsin4xd:r = —% coszsin® z + % fsiandm = —% coszsin® x + %a: - % sin2z + C.
42. (a) Letu = cos"lz.dv=coszdx = du= —(n-1) cos" 2 zsinzdz, v =sinz in (2):

[ cos™ xdx = cos™ zsinz + (n — 1) [ cos" > xsin® zdz
—cos" ' zsing + (n—1) [cos" 2z (1~ cos® z) dz
—cos” tzsing + (n—1) [cos"zdr — (n—1) [ cos™ zdzx

Rearranging terms gives n [ cos”™ z dx = cos" Yxsinz+(n—1) [ cos" 2z dz or

1 _ . n—1 —2
/cos" rdr = = cos” ' zsinz + cos" “xdx
n n

+C.

in 2
(b) Taken:2inpart(a)togetf0052xdac: %cosa:sinx%—éfld:cz % + s1n4 m

(c) fcos4a:dm = %cos3msinx+ % fcos2xdw = icosg':usinxﬂ— %m—i— %sin2m+C

n —

1 _ 1 L on— .
43. (a) From Example 6, / sin" zdx = ——cosT sin" "'z + / sin” "2 z dz. Using (6).

. — /2 2

/2 coszsin® 'z / n—1 ™% L .5

sin"xdxr=|— + sin T dr
0 n 0 noJo

_ /2 -1 /2
=(0-0)+ ETE / sin® 2 zdx = n - / sin” 2z dx
0 0
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(b) Using n = 3 in part (a). we have foﬁﬂ sin’ zdr = 2 fow/? sinzdz = [—2 cos :z:]g/2 =2
Using n = 5 in part (a). we have _f0"/2 sin® zdz = f;— 0"/2 sind z dr = 2. % = %.
(c) The formula holds for n = 1 (that is. 2n + 1 = 3) by (b). Assume it holds for some k& > 1. Then

/2 2:4-6----- (2k)
. 2k+1
= .ByE le 6,
/0 sin zdzr 35 7 (2kt 1) y Example

/2 2k 42 [™/? 2k+2  2.4.6--... (2k)
: 2k43 _ in2k+1 — .
/0 s xdm_2k+3,/0 e = s e (2k + 1)
246 (2k)[2(k + 1)]
357 2k+ )2k +1) +1]

so the formula holds for n = k + 1. By induction, the formula holds for all n > 1

44. Using Exercise 43(a). we see that the formula holds for n = 1. because

w/2
fy st zde = 4 [ 1dz = 3[a] * = 15

/2 .3.5..... 2%k — 1
Now assume it holds for some k > 1. Then ./o sin®* zdz = 1 23. 45_ e ( ?2/9) ) g By Exercise 43(a),

/2 2k+1 [7/? 2k+1 1-3.5--.(2k—1)7

2+ 4 g . 2k _ ) ™
/o sin Tdx 2k+2/0 sin“” z dz %12 716 25 2
135 (2k-1)2k+1) =

246 (2k)(2k+2) 2

so the formula holds forn = k + 1. By induction. the formula holds for all n > 1.

8. Letu = (Inz)*, dv =dz = du= n(lnz)" ' (dz/z). v = 7. By Equation 2,
J(nz)"dz = z(Inz)" - [ na(In z)" !(dz/z) = z(Inz)" — n [(Inz)" " dzg.

4. Letu = 2" . dv=edz = du=nz""ldz. v=e® By Equation 2. [ z"e® dz = z"e® — n [ 2"~ e dz.
M. Letu=(2"+a®)"do=dz = du=n(2>+a®)" " 2zde.v =z Then
J (@ +a®)" do =z (2% +a®)" - 2n [ 22 (2> +a?)" " da
=z (2’ +d*)" - 2n [] (z* +a®)" dz — a? [ (z*+ ag)"_1 da:] [since 2 = (z* + a®) - a?]
= (@n+1) [ (2 +a®)" dz =2 (2* + a®)" + 2na? [ (z* +a*)""" dz. and

2 2)\n 2
(z* +a®)" do = (@ +a%)" | 2na 2*+a%)" " de [provided 2n + 1 £ 0],
2n+1 2n+1

8. Letu =sec" 2, dv =sec’zdr = du= (n —2)sec™ ®zsecx tan x dz, v = tanz. Then by Equation 2,

Jsec" zdx =tanzsec" ?z — (n — 2) [sec™ 2 ztan® z dz

=tanzsec" *z — (n — 2) [sec™ %z (sec’ z — 1) dz

=tanzsec" "z — (n - 2) [sec” zdz + (n — 2) [ sec™ 2 g dz
s (n—1) [sec" e de = tanzsec" 2z + (n - 2) [ sec™ 2w do. Ifn— 1 # 0, then

n-—2

tan x sec r n-2 _
/sec"’ zdr = + sec" 2z dz.

n—1 n—1
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49. Take n = 3 in Exercise 45 to get
[(Inz)*de == (Inz)® — 3 [(Inz)?dz = z(Inz)* — 3z(In z)?> 4+ 6xlnz — 6z + C [by Exercise 13].
Or: Instead of using Exercise 13. apply Exercise 45 again with n = 2.

50. Take n = 4 in Exercise 46 to get
[ate*dz=a"e" —4 23e® dz = a'e® — 4 (¢® — 32° + 6z — 6) e” + C  [by Exercise 14]
=" (z* — 42” + 120> — 242+ 24) + C
Or: Instead of using Exercise 14, apply Exercise 46 with n = 3.thenn = 2, thenn = 1.

51. Area = f05 ze 4% dy. Letu=z.dv = e "*dx =
du = dz.v = —2.5¢7 %% Then
area = [—2,5:136_0'4“']2 +25 f05 0042 gy
~125e"2 4+ 0+ 2_5[_2.56—0.41]3
— 125e % —6.25(e2—1)=625—1875¢"2 or % - Te?

Il

52. The curves y = zInz and y = 5In z intersect when zlnz =5lnz & zlhzx—-5hz=0 <«
(z — 5)Inz = 0; thatis. whenz = 1 orz = 5. Forl < z < 5. we have 5Ilnz > zInz since Inz > 0. Thus.
area = [ (5lnz —zlnz)dr = [ (5 — z)Inz]dz. Letu = Inz, dv = (5—z)dr = du=dz/z.
v = 5z — 1. Then
area = [(Inz) (5z — %mz)]i - jls [(52 — §2?) ;] da = (In5)(2) —0— [P (5-3z)de
_Bns-[sr—e?] = Bm5-[(25-F) - (5-3)] = FW5-14
53. The curves y = xsinz andy = (T — 2)? intersect at a ~ 1.04748 and 3
b ~ 2.87307, so

b
area = / [zsinz — (z — 2)%] dz

= [—:c cosz +sinz — 1(z — 2)3]2 [by Example 1]

~ 2.81358 — 0.63075 = 2.18283

54. The curves y = arctan 3z and y = x/2 intersect at
x = ta =~ £2.91379, so

area = ffa ‘arctan 3z — %z‘ der =2 foa (arctan 3z — %x) dz

a
0

= 2[zarctan 3z — +In(1+ 9z?) — 127 y:x/za

~ 2(1.39768) = 2.79536.

[see Example 5]

y = arctan 3x

55. V = ]01 2rz cos(mx/2)dz. Letu = z. dv = cos(nz/2)dz = du=dz.v= 2 sin(mz/2).

V = Qw\:%msin(%ﬂ: — 27 - % '/01 sin(%{) dr = 271'(7—21_ - 0) - 4{—% cos(zr;)]:

=4+80-1)=4-1.

™
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56. Volume = fol 2rz(e® —e %) dr =2m fol (ze® —ze™") dz
=2 [fol ze® dx — fol ze ® dz} [both integrals by parts]
=27 [(ze” — €") — (—ze™" — e_I)]é =2r[2/e — 0] = 47 /e
57. Volume = fo 2n(l —z)e *dr.letu=1-z. dv=e"dzx = du=—dz.v=—e"
V =2r[(1-2) )] —2r [0 e " da = 2r[(z — 1)(e™) + e_z](il
= 27 [ze” ] =27(0+e) = 2me
58. Volume = [[" 27y - Iny dy = 2r[3y*Iny — 33°]7  [by parts with u = Iny and dv = y dy]

2 3
oL, 3 m™(2Inr—1) (0-1)] _ 3 T
=27 [3y°(2Iny 1)] 27{ 1 1 =7"lnm - + 2

59. The average value of f(z) = 2 Inz on the interval [1, 3] is fy. = 3—i1 /13 2 Inzdr = %I.
Letu = Inz, dv = 2°dz = du = (1/z)dz.v = 3z° So
I=[iz*lq]’ - /3§z2d12(91n3—0)~ [32°]; =9In3 - (3- 1) =93 — 2
Thus, fi. = 31 = : 1(91n - %) =2m3 -1

60. The rocket will have height H = I 60 v(t) dt after 60 seconds.

60 _ 60 60
H:/ [~gt — Ve ln(m rt)} dt = —g[%tz]go —ve[/ ln(m—rt)dt—/ lnmdt]
0 m 0 0

60
—g(1800) + v, (In m)(60) — v, / In(m — rt)dt
0

Letu =In(m —rt),dv=dt = du=

(—r)dt.v =t. Then

m—rt

-60l . | o0 60 4 . | 60 m
—rt =[¢ _ — — _
/0 n(m — rt) dt = [tIn(m — rt)]; +/O — t = 601In(m — 60r) —l—/o < 1+ — rt)dt

60
= 601n(m — 60r) + [—t - % In(m — rt)J
0

=601n(m — 60r) — 60 — % In(m — 60r) + ? lnm

So H = —1800g + 60v. Inm — 60v. In(m — 60r) + 60v, + %ve In(m — 60r) — %ve In'm. Substituting
9 = 9.8, m = 30,000, 7 = 160. and v. = 3000 gives us H ~ 14,844 m.

61. Since v(t) > 0 for all ¢. the desired distance is s(t) = fot v(w)dw = fot w?e™™ dw.
Firstletu =w?. dv =e “dw = du=2wdw.v=—e"*. Then s(t) = [—wze_w]; + 2f0t we™ " dw.
NextletU = w.dV =e “dw = dU =dw.V = —e ™. Then
s(t) = —t2e7t + 2([~we‘“’} +fle™ dw) = 2ty 2(7te_t +0+ [—e_w]:))
—teT 4 2(—te™ —eT 1) = —t%e Tt —2te™t —2e 7t 1 2

=2 e_t(t2 + 2t + 2) meters
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62. Suppose f(0) = g(0) = 0 and letu = f(x) dv = g”( Ydz = du = f’( )dm v =g'(z).

Then [ f(x)g" (z)dz = [f(z fo g'(z)dz = fo ()g'(z) d.
NowletU—f( )dV*g(m)dm = dU f"( )dmdndVﬁg( ), s
D z)dz = [f'( — 5 f(x)g(x) dz = — Jo " (z)g(x) dz.

Combmmg the two results, we get fo z)g’ ( )dm = f(a )g (a) (a)g(a —}—fo f'(z)g(z) dz
63. For [ = [} a:f” Ydz.letu = . dv = f’(z)dz = du=dz.v= f(z). Then
I=[zf(x jl z)de =4f'(4)-1-f1)—[f4) - f1)]=4-3-1-5-(7T-2)=12-5-5=2.
We used the fact that f” is continuous to guarantee that I exists.
64. (a) Take g(z) = z and ¢’(x) = 1 in Equation 1.
(b) By part (a), f: f(z)dz =bf(b) —a f(a) — fb:cf’(a:) dzx. Now let y = f(z).so that z = g(y) and
dy = f'(z) dz. Then f: z f'(z)dx = ff((:)) 9(y) dy. The result follows.
(c) Part (b) says that the area of region ABFC'is
bf(b) - af(a) - IS
= (area of rectangle OBF E) — (area of rectangle OAC D) — (area of region DCFE)

y
graph of g
f(b) E / F
graph of f
fla) b ¢
' A B
o a b x

(d) We have f(z) = Inz.so f~*(z) = €”. and since g = f1. we have g(y) = e¥. By part (b).

1
JiInzdr=elne—1Inl - 1t:‘leeydy=e—f01eydy:e— [ey]oze—(e—l)zl.

65. Using the formula for volumes of rotation and the figure. we see that
Volume = fod b dy — [; ma® dy — fcd wlg(y))? dy = 7b*d — ma’c — fcd 7[g(y)]? dy. Lety = f(z). which
gives dy = f'(x) dz and g(y) = z. so that V = wb*d — ma’c — 7 [? z?f'(x) da. Now integrate
by parts with u = 22, and dv = f'(z)dz = du = 2zdz.v = f(z). and
[P a? f'(z)de = [2* f(2)]. — [} 22 f(2) dz = bzf(b) —a’® f(a) — [°2z f(z)dz.but f(a) = cand f(b) =d

= V = rb*d — ma® c—71'[b2 —a c—f 2z f(x ] f27r:vf(.n)d£

66. (a) We note that for0 < z < Z,0 < sinz < 1,50 sin?2"*2 ¢ < sin®"*! z < sin®" z. So by the second

Comparison Property of the Integral, Ioni2 < Iont1 < T2

(b) Substituting directly into the result from Exercise 44, we get

1-3:5----- 2n+1) 1=
Ipny2  2:4:6----- n+1)] 2 2n+1)—-1 _ 2n+1
Ion ~ 1:3:5.---- @n-)m  2(n+1) 2n + 2




SECTION7.2 TRIGONOMETRIC INTEGRALS O 565

(c) We divide the result from part (a) by I2». The inequalities are preserved since Iz, is positive
’ 2 1 .
Ltz < Lania < I—Q'l Now from part (b). the left term is equal to nt , S0 the expression becomes
IZn - I"’n — I2n 2“ + 2
Iony1 1

ntl 12"+1 < 1. Now lim in _T_; = lim 1= 1.so by the Squeeze Theorem, lim
n—oo 2n

QTL + 2 Izn n—oo 2N n—00
(d) We substitute the results from Exercises 43 and 44 into the result from part (c):

2:4.6----- (2n) H 246 (2n))<g>]

I
T3 5.7 (2m+ D135 2n-D\x
hm%.z.é.é_ﬁ.ﬁ....._gn_._ﬂ. [rearrange terms]
=133 55 7 m—1 2n+1 g

Multiplying both sides by 7 gives us the Wallis product:
™ 2 2 4 46 6

27133557

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the

width by 2 1 and at the (2n + 1)th step, the area is increased from 2n to 2n 4 1 by multiplying the height
1 2n

and ) It 1

2
n : . These two steps multiply the ratio of width to height by o

by
2 2 4 4 6 6 i
tively. So, b t (d), the limit tiois — - = - - = - =5 =—.
respectively. So, by part (d), elmlmgralols1 33557 3
7.2 Trigonometric Integrals
The symbols = and = indicate the use of the substitutions {u = sinz, du = cos z dz} and {u = cosz,du = —sinz dz}
respectively.
1. [sin®z cos’zdz = [sin’z cos® z sinzdx = [(1 — cos® x)cos2z sinzdz = [(1 - u?)u?(—du)
Ly? — 1P+ C=1cos’z— tcos’z+C

= [(u? - D)uPdu= [(u* —u?)du = u

2. [sin® zcos® zdz :fsinﬁxcoszxcoswdx:fsinﬁx(l —sinzx) coszdr = [u® (1 —u?)du
zf(uﬁ—ug)du:%u7 W+ C= —sm7m—%s1n z+C
3. fs"/4sm Z Cos xdm—f3"/431n Z COoS mcosmdz~f3"/45m z (1 —sin® z)cosz dzx
=P (=) du = [ (0~ ) du = [Buf - 2t

- (- %) - G- D - -3

1 — sin? m)Zcoszdx = fol (1- u2)2du

=34 0=

4. foﬂ'/2 cos® xdx = foﬂ/Q(cOSQ m)ZCOSmdm _ 5/2(
:jol(l — 22 +u4)du: [u_ %US‘F%US]O
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5. [ cos® zsin’ z dx = [cos*zsin*zcoszde = [ (1—sin’z)”sin*zcoszda = [ (1 —u?)?ut du
:f(1—2u2+u4)u4du:f(u4—2u6+u)du—1 P2y L 4O

%sm :c—;sm m—}——sm z+C

6. [sin®(mz)de = [(1 — cos® mz)sinma dz = -2 [(1-vu*)du [u=cosmz, du = —msinmzdz]
= —L(u—1u®) +C = —L (cosma — } cos* mz) + C
= 3= cos’ mz — L cosma + C
1. [7/%cos?0d0 = [7/* 1(1+cos20)d [half-angle identity]
= 1[0+ 1sin20)]* = L[(Z4+0) = (0+0)] ==
8. [;/*sin®(26)d6 = [7/* L(1— cos40)df = L [0 — L sind6]7/* = L[(Z—0) — (0-0)] = =
9. [ sin*(3t)dt = [ [sin®( 3t] =[7[z01 cosGt)] =1 Jo (1 = 2cos 6t + cos® 6t) dt
=i Jo [1—2cos6t + §(1+cos12t)] dt = 4f0 (3 —2cos6t + 3 cos12t) dt

= ;[3t— §sin6t+ 5ysin12t]7 = 1[(3£ - 0+0) - (0-0+0)] = 3=

10. [ cos®0d6 = [ (cos®0)*df = [T [1(1 -+—cos29)]3 df =} [(1+ 3cos20 + 3cos® 20 + cos® 20) db
= 5[0+ 5sin20]7 + 5 [0 [3(1+ cos49)] d6 + 5 [; [(1— sin®26) cos 26] d6
=ir+2[0+1 sm46] +1 fo 1—u2)( du) [u=sin260, du = 2cos 26 df]
—iege0-5

1. [(1+cos6)?dd = [(1+2cosf + cos®0)dd =0 +2sinf + L [(1+ cos26) df

:6+2sin9+%0+isin20+0=g9+2sin0+%sin20+0
12. Letu = z,dv =cos’zdz = du=dz,v= [ cos® zdx = J3(1+ cos2z)dz = Jz + 1 sin 2z, so
[zcos®zde = x(jz + §sin2z) — [ (32 + sin2z) dr = 12 + Lasin2z — 12% + lcos2z + C
= 1x2+iwsin2m+§c052m+0

13. fO"M sinzcos? zdzx = foﬂ/4 sin? z (sin z cos z)? dz = O"/‘l 3 (1 — cos2z)(3 sin 23:) dz
=1 0"/4(1 — cos 2z) sin® 2z dx = % f"/4 sin” 2z dx — 0"/4 sin? 2z cos 2z dz
=L 0"/4(1 — cos4x) dx — 5[ sin 296]“/4 =&z — §sindz — Lsin 2:13]0/4
= (5 -0 1) = hor - 9

14. foﬂ/zsin2x cos’rdzr = f0"/2 1 (4s1n T CcoS x) dzr = 0"/2 1(QSmm cosz') dz = 74 ;/2 sin? 2z dz

=1 ["/21(1 _ cosdz)dy = J72(1 — cosdz) dz = L[z - %sin4z];/2

-1 -%
15. [sin’z\/coszdr = [ (1 — cos’z) \/eoszsinzdr = [ (1 —u?) ul/? (~du) = [ (u5/2 - u1/2) du
u? 2432 0 =2 (cosz)/? — 2 (cosz)*? +C
2 cos®z — 2 cosz) \fecosz + C

(
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16. Let u = sin 6. Then du = cos 6 d6 and
[ cosf cos®(sinf) df = [ cos® udu = [ (cos?u)? cosudu = [(1 —sin’ u)? cos u du
= [(1 - 2sin®u +sin* u) cosudu = I
Now let z = sinu. Then dz = cos u du and
I:f(l#2:cz-l-ar:4)dm:m—2:034—l 2%+ C =sinu— Zsin®u+ §sin’u+C
= sin(sin 0) — Z sin®(sin ) + g Lsin®(sin6) + C

in® e [ (1=u?)(—d -1
17./cos2mtan3mdw=/mdm:/(—iM:/[——+u} du
Ccos T U Uu

—Infu|+ 1u® + C = L cos’z —Infcosz| + C

5 .4 1_ . 20 2
18 [ cot® 9sint 0do = | <50 'n“ade:/c‘?s (’de:/“?s gcosedez/(—,s—m)—cosede
59 s sin 6 s

sin inf in 6

X 1 — 42)? 52, 4
:/( u?) duz/l 2u®+u du:/(l—2u+u3)du
u u u

:1n|u|—u2—I—%u4+C:1n|Sin0|—sin20+}lsin49+C

19. /}—:ﬂda::/(secm—tan:c)d:c:1n|secac+tan:c|—ln]seca:|+C’ [

by (1) and the boxed
COS X

formula above it
=In|(secz + tanz)cosz| + C =In|1l +sinz| + C
=In(1+sinz)+ C sincel+sinz >0

1-sinz 1—sinz 1+sinz (1 —sin®z) dx coszdz
Or: | ———dz = - —dr = ; = -
cosx cosz l+sinz cosz (1 +sinz) 1+sinz
= -%U- [where w = 1 + sinz, dw = cosz dx]

=In|w|+C =In|l+sinz|+C =In(1+sinz) +C
20. [cos’zsin2zdz =2 [cos’ zsinzdz = -2 [uldu=-Iu'+C= —lcos*z+C
21. Letu = tanz, du = sec’ zdz. Then [sec’ ztanzdz = [udu = % Ll24C= ltanzatt-}-C
Or: Letv = secz, dv = sec z tan z dz. Then fsec xtanwd:c—fvdv— 5V 24C= —sec 2z +C.
2. f"/zsec (t/2)dt = 7rMsec“m(?daz) [z =t/2,dz = } dt] =2f0"/4sec2w(1+tan2z)dx
=2f01(1+u2)du [u = tanz, du = sec® z dz] =2[u+ u] -2(1—!— ) = g
23. ftanzxdx:f(seczm—l) dr =tanz —z +C
28, [tan'zdz = [tan’z (sec’z — 1) dz = [tan®*zsec’ zdz — [tan’zdz = Ltan’z —tanz +z +C
(Set u = tan x in the first integral and use Exercise 23 for the second.)
25. [secStdt = [sec't-sec’tdt = [(tan®t + 1)*sec’tdt = [(u® +1)*du [u = tant, du = sec? t dt]
=f(u*+20® +1)du=3u® + 2 +u+C= %tan5t+§tan3t+tant—+—0
26. foﬂ/4 sec* ftan* 0dO = f0"/4(tan20+ 1) tan* @sec’ 6df = fol(u2 +1)u*du  [u=tan#, du = sec® 0 df]
R bt du= (b BT b3 B
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21. foﬂ/B tan® z sec? zdz = f0"/3 tan® z (tan® z + 1) sec® z dz

= 0‘/5 W’ +1)du  [u=tanz. du = sec? z dz]

=0T ) = [ ] = G =g
Alternate solution:
f"/gtan T sect zdx = fo /3tan 'csec3wsecxtanzd:c— fo (sec’ z — 1)*sec® rsecxtan z dzx
= fl wd du [u = secz, du = sec z tan = dx]
= fl (u* — 2u® + Dul du = flz(u7 —2u® +4®) du

= [ ) - (- B - (- deh =

28. [ tan®(2z) sec®(2z)dz = [ tan?(2z)sect(2z) - sec(2z) tan(2z) dz
= [(u® — 1)u*(} du) [u = sec(2z), du = 2sec(2z) tan(2z) d)

=3 J(W® —ut)du= FHu" — Hub +C = L sec’(2x) — & sec®(2z) + C

29. [tan®zseczdzr = [tan’zsecztanzdz = J (sec®z — 1) secz tan z da

:f(u2 —1)du [u = secz, du = secx tan = dx]
= %u?’ —u+C = %sec3w—sec:c+C
30. f0"/3 tan® zsec® zdz = fo"/s tan® z sec*

\/_5(

zsec? zdr = fow/g tan® z (1 + tan® ac)2sec2 xdx
1+u) du [u=tanz, du = sec® z dz] f‘/_ u® (1424 +u *) du

— 3 (0 4 27 ) du= [+ o 4 )T = 2 sty o

Alternate solution:

f’r/a tan® zsec® zdz = fow/ tan? z sec® zsecz tanz dxr = fo (S€C2 x— 1)28e05x3e0$tanxdz
:fl (u - ) u’ du [u = secz, du = sec x tan z dx]
= f12 (u4 —2u? 4+ 1) u?du = ff (ug — 2"+ us) du

= [ 4t + 3T = (R 614 %)~ (- + ) =

3N [tan’zdz = [ (seczm — 1)2tanmd:c = [sec'ztanz dz — 2 [sec’ztanzdz + [tanz dz
= [sec®zsecrtanzdr — 2 [tanzsec’ zdz + [tanzdr

= Zsec'z —tan’z + Insecz| + C [or § sec* z — sec® z + In[secz| + C]

32. [tan®aydy = [tan®ay (sec®ay — 1) dy = [ tan* aysec? aydy — [ tan’ ay dy
= & tan® ay — [tan®ay (sec®ay — 1) dy
= g tan® ay — [ tan® aysec® aydy + [ (sec’ay — 1) dy
= étan5ayA :%atansay—i— itanay—y—i—C

tan® @ 3 4 3 2 2
33. df = | tan”@sec0df = [ tan” 0 - (tan” 6 + 1) - sec” 0 df
cost 0

= qu(U2 +1)du [u = tan 8, du = sec® 0 df)
= [(u® +u®) du = b+ vt +C = stan®60 + Ltan* 0+ C
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34. [tan®xseczdr = 1) (seczcc— 1) seczdz = fsec3mdm—fsec:cd:z:

= (secztanz + In|secx 4 tanz|) — In [secz + tan z| + C [by Example 8 and (1)]

1

1(secxtanz —In|secz + tanz|) + C

35. f:/ﬁz cot’ zdz = f://: (csc®x — 1) dx = [~ cotz — m]:% =(0-2)-(-vV3-%)=v3-3

2 T/2 cosx
cot x csc acdx~fﬂ/4 fosp

36. ://42 cot® zdz = f:/f cotz (csc’z — 1) dz = f://f
/2
= [—%cotzm—ln|sinz|}w/4 =(0-1Inl) - [—% —ln%} =1 +1n% =1(1-In2)

31. [cot® esc® ada = [cot’ csc? a-cscacotada = [(csc® a — 1) csc? a - csc o cot adax

= [(v® — 1)u? - (—du) [u = csca, du = — csc acot ada]
= [(u? —ut)du=3tu® - 2® +C=Fescta— osc’a+C

38. [csctz cot® zda = [cot®z (cot’ z + 1) csc’ zdz
= [ub(u® + 1) (—du) [u = cot z, du = — csc® z dz]
= [(~u® —ul)du=—}u® - 3u"+C= —Lcot®z - fcot"z+C

cscx (cscx — cotx —csca;cot:c+csc2:c
39. 1= | cscxdx = ( )dz: dr. Letu =cscx —cotx =
cscx —cotx cscx —cotx

du = (—csczcotz + csc’ ) dz. Then I = [du/u =In|u| =In|cscz — cotz| + C.
40. Let u = cscz, dv = csc® z dz. Then du = — cscz cot zdx, v = —cotz =

Jesc® zdz = —csczcotz — [esczcot’ zdz = —cscxcotz — [escx (csc2m —1)dz
= —cscxcotx + fcscxdx — fcsc3md:r
Solving for [ csc® z dx and using Exercise 39, we get

fcscsxdm = —%cscmcotaz—}— %fcscacdm = —%cscmcot:c+ % In|cscx — cot z| + C. Thus,

™ /3
fw//63 cscdzdz = [—% cscxcot T + % In|cscz — cot m|] )
6
—_l.z . aple o ali1ig 5 1o
-T2 \/§+21n‘\/§ \/3“"2 2 \/_ 2111’2 \/5‘
=—1+V3+ il -Lm(2-v3)~ 1782

41. Use Equation 2(b):
[ sinbzsin 2z dz

[ 3[cos(5z — 2z) — cos(5z + 2z)] dx = 3 [ (cos 3z — cos Tz) dz

1 _ L
5sindz — 7y sin7x +C

42. Use Equation 2(a):
[sin3zcoszdz = [ i[sin(3z + z) + sin(3z — z)] dz = % [ (sindz + sin2z) dz

Il

= _5_13 cosdx — i cos2z + C
43. Use Equation 2(c):
J cos 70 cos50 df = [ 3[cos(76 — 56) + cos(70 + 50)] df = % [ (cos 26 + cos 126) df
= %(%sin26+ 1—12 sin129) +C = isin20+ 2—14 sin126 + C
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. 1 .
m /wdmz—/wdzzl (cscx + secz) dx
sin 2x 2 sin x cos 2

= %(ln |cscz — cot x| + In |sec = + tan x| ) +C [by Exercise 39 and (1)]
— tan?
45. / 1-tan'z dx = / (coszm - sinzm) dz = /costdz = %Sin2x+C’

dzx 1 cosz + 1 cosx + 1 cosT + 1
46. _— = . dr = | ———dz = | ———dz
cosz — 1 cosz—1 cosz+1 cos2z — 1 —sin’z

= f(—cot:vcscm—cchm) dr =csczx +cotx +C

41. Letu = tan(t®) = du = 2tsec?(t?)dt. Then
[ tsec?(t?) tan* (¢%) dt = [u* (3 du) = Fu® +C = 1= tan®(¢2) + C.

48. Letu =tan" z,dv = secz tanzdr = du = 7tan®z sec? zdz, v = secz. Then
ftansm secrdxr = ftan7:r -secx tanz dr = tan” T secx — f7tan6:vsec2wseca:drc

=tan"z secz — 7 [tan®z (tan’z + 1) secz dz
=tan’ z sect — 7 [ tan® zsecz dx — 7fta.n6:tsecmdm.
Thus, Sftansxsecmd:c = tan’ z secz — 7ftan6 zsecrdr and

/4

; L.

/4 1 7 /4 2
/ tan® zseczdr = = [tan7w Secm] - = / tan® zseczdr = £ -
o 8 8 Jo 8

[eoN IR

49. Letu =cosz = du= —sinzdz. Then 11
[sin®zdz= [ (1 —cos2x)zsinxdm: f(Q —u2)2(—du) /><_\ /X—\F
:f(—1+2u2 —u4)du= —%u5+§u3—u+C 27 \ —"/ < 2m

=—1cos’z+ 2cos’z — cosz + C \>L

Notice that F' is increasing when f (z) > 0, so the graphs serve as a L1

check on our work.

50. [sin®*zcos*zdr = [ (%sin2x)4dx =15 [sin*2zde =% [[F(1- cos4a:)]2d:c

J (1 —2cosdz + cos® 4z) dx 0.075
(z — §sindz) + 135 [ (1 + cos8z) dx V\f
gi(z — isindz) + 5 (v + $ sin8z) + C . .
= 135T — T35 Sindx + 155z sin8z + C
F
Notice that f(x) = 0 whenever F' has a horizontal tangent.
-0

51. [sin3zsin6zdr = [ 1[cos(3z — 6z) — cos(3z + 6z)] dz

=1 [(cos 3z — cos9z) dz

Rl

6

- 2

—

-~

o

1
6

sin3z — 15 sin9z + C

Notice that f(z) = 0 whenever F' has a horizontal tangent.
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54.

55.

56.
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fsec‘l%dm:f(an—-}-l)sec Z dx :
=[(v®+1)2du [u=tan £, du = % sec’ £ dz] & j
:§u3+2u+C:§tan3§+2tan§+C

Notice that F is increasing and f is positive on the intervals on which they

F
are defined. Also, F' has no horizontal tangent and f is never zero.
-20
fwe = % [T sinfzcosadr = 5= [T sin’z (1 - sin® z) cosz dz
== 00 u? (1-v?)du [where © = sin z]
=0
(a) Letu = cosz. Thendu = —sinzdz = [sinzcoszdr = [u(—du) = —1u® +C = — cos’ z + Ci.

(b) Letu = sinz. Thendu = coszdz = [sinzcoszdzr= [udu= 1u®+C = isin’z+C,.

(c) [sinzcoszdz = [ §sin2zdr = —3 cos2z + Cs

(d) Let u = sinx, dv = coszdz. Then du = cosx dx, v = sinz, so

[sinz coszdz = sin®z — [ sinz cos z dz, by Equation 7.1.2, so [ sinz coszdz = % sin®z + Ci.
The answers differ from one another by constants. Since cos 2z = 1 — 2sin? z = 2cos? z — 1, we find that

1 12, 1 _ 1.2, .1
—4C082r = 5sin“z — 3 = —5cos° T + 7.

For0 < z < §,wehave 0 < sinz < 1, s0 sin® z < sinz. Hence the area is
/2 [ . .. 3 /2 . .2 /2 2 .
I3 (sine — sin® z) dz = [/ " sinz (1 — sin® z) dx = [[/"cos’ zsinz dz. Now letu = cosz =
— : _ 0,2 _rt, 2 _ 1,311 _1
du = ~sinzdz. Thenarea = [, v’ (—du) = [ v’du = [3u°], = 3.
sinz > 0for 0 < x < 7, so the sign of 2sin?z —sinz  [which equals 2sinz (sin;v - %)] is the same as that

of sinz — }. Thus 2sin® z — sinz is positive on (%, Z) and negative on (0, Z). The desired area is

f"/s (sinz — 2sin® z) dz +fﬂ/2 (2sin®*z — sinz) dz

/6
T 1r/2 .
= [o7" (sinz — 1+ cos 2z) da:+f7r/6 (1 —cos2z —sinz)dz
= [—cosx —x+%sin2x]g/6 + [m — %sin2w+cosx]:;2

— _;§*%+;§_(_1)+1,(z_3@+3§) :1+%_£

2 6 4 2 2

1.25 It seems from the graph that f02" cos® x dx = 0, since the area below the

z-axis and above the graph looks about equal to the area above the axis

and below the graph. By Example 1, the integral is

0 2w
\/ [sm T — % sin x] = 0. Note that due to symmetry, the integral of

any odd power of sin z or cos z between limits which differ by 2nmr

-125 (n any integer) is 0.
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58. 1 It seems from the graph that f02 sin 2wz cos 5mx dx = 0, since each bulge

above the z-axis seems to have a corresponding depression below the

z-axis. To evaluate the integral, we use a trigonometric identity:

0
fol sin 27z cos 5wz dr = 4 fo2 [sin(27z — 57zx) + sin(2nz + 57x)] dzx
- =1 [?[sin(—3nz) + sinTrz] dz
= 3 [55 cos(—3mz) — = cos 77m:]0
:%['3-1;(14)—%(1—1)] =0
5. vV fw/27rsm zdx = ﬂ’fﬂ_/z 5(1—cos2z)dz =3z — ‘—llsin2x]:/2 =7m(2-0-%+0) = "72

60. Volume = OW/4 7r(tan2 :17)2 de=m f0"/4 tan? z (sec2 r—1)do=m foﬂ/‘i tan® zsec? zdx — 7 foﬂ/‘l tan? z dz

= f0”/4 wldu — 7 fo"/4 (sec’z — 1) dz [where u = tan z and du = sec? z dz]
= 7"[%“3]:/0 — w[tanz —z]"/4 [%tansar:—ta.nw—l—:c]g/‘l =n[3-1+%]=n(5-2)

61. Volume = 7 OW/2 [(1+cosz)? — 1%] dz = 7rf (2cosm + cos’ z) dz

Jd

= n[2sinz + 1z + Lsin2e]] /2~7r(2+ ) =2m+ =
]
lo

62. Volume = 7 0"/2 [12 = (1 — cosz)®] dz = (2 cosz — cos’ z) dz
=m[2sinz — iz — sin2z /2 [ %—0)—0]:2#—’;—2
63. s = f(t) = fot sinwu cos® wudu. Lety = coswu = dy = —wsinwu du. Then
08 W cos wt
s=—L [ yPdy = —L[3°] 7 = L (1 - cos® wt).

64. (a) We want to calculate the square root of the average value of [E(t)]* = [155sin(1207t)]* = 155 sin?(1207t).
First, we calculate the average value itself, by integrating [E (t)]2 over one cycle (betweent = 0 and t = 515,

since there are 60 cycles per second) and dividing by (— - 0)
(B, = ths Jo/® [155sin(120mt)] dt = 60 - 1557 [/ 1[1 — cos(240mt)] dt
— 60 155%(1) [t — 5= sin(240mt)] /% = 60 - 1552 (1) [(& — 0) — (0 - 0)] = 18

The RMS value is just the square root of this quantity, which is 1\;5’ ~ 110 V.
(b) 220 = \/[E®)5. =

220° = (B2, = Tk Jo® A?sin(120mt) dt = 604 [/ 1[1 — cos(240mt)] dt

—30A%[t — 5= sin(240nt)] ./ = 304°[(& — 0) — (0 0)] = 14

240w

Thus, 220° = A% = A=220V2~311V.



SECTION 7.3 TRIGONOMETRIC SUBSTITUTION O 573
65. Just note that the integrand is odd [f(—z) = — f(z)].
Or: If m # n, calculate
JT_sinmzcosnzdr = ["_3[sin(m — n)z + sin(m + n)z] dz

_1[ cos(m—n)z cos(m+n)z]” _0
) m-—n m+n

If m = n, then the first term in each set of brackets is zero.
66. [* sinmzsinnzdz = [7_3[cos(m — n)x — cos(m + n)z|dz. If m # n,

sin(m —n)z _ sin(m + n)m} — 0. Ifm = n, we get

this is equal to 1
q 2 m-—n m+n

sin(m + n)z

fj,,%[l —cos(m + n)z]dz = [%I]:{ - [ 2(m +n)

] =r1—-0=m.

67. [* cosmzcosnzdz = [T [cos(m — n)z + cos(m + n)z|dz. If m # n,

sin(m —n)z | sin(m +n)z
m-—-n m+n

this is equal to % [ } = 0. If m = n, we get

J7. 3[1+ cos(m + n)z)dz = [}z] =74+0=m.

-

" [l

-7 -

1 T L m m n L )
68. p f(z) sinmzdx = % / [(; an sin nm) sin mx} dx = ; a7 /_1r sinmz sin nz dz.

. . . a
By Exercise 66, every term is zero except the mth one, and that term is — - T = Q.
™

1.3 Trigonometric Substitution

1. Letz = 3secf, where 0 < 0 < T orm < 6 < 3. Then

dr = 3secf tan 6§ dO and x
x2-9
\/:v2—9:\/95ec20—9:\/9(sec29—1):\/9tan29
[’
= 3|tan 0| = 3 tan 6 for the relevant values of 6. 3
1 1 1vz2-9
—_— dr = - = ] —1 — 1 - Y= Z
P T /9sec20-3tan03secetan do 9f0030d9 gsind+C 9 . +C

Note that — sec(6 + ) = sec 8, so the figure is sufficient for the case 7 < 8 < 37"
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2. Let x = 3sin 6, where —% <0 < 5. Thendzx = 3 cosfdb and

3
V9 —22=1/9—9sin?0 = 9(1 —sin?6) = V9cos2 6 x
= 3 |cos @] = 3 cos 6 for the relevant values of 6. 0
Vo -2

[2*V9—22dz = [3%sin®0 - 3cosf - 3cosfdh = 3° [ sin® 6 cos? 0 df
=3° [sin® 0 cos® Osinfdf = 3° [ (1 — cos® 6) cos® Osinf db
=35 [ (1= u?)u? (—du) [u = cosf, du = —sin 6 df]
=3[ (u* - u?)du=3%(3u® — 3u®) + C=3°(L cos®f — 2 cos®0) + C

Ly [; (-4 1(9-2)"

+C

W =

5 35 33

:%(9_1;2)5/2_3(9_$2)3/2+Cor _é(m2+6)(9_m)3/2+c

3. Letz = 3tanf. where —3 < 6 < 7. Thendz = 3sec? 0.db and

Jxi+9
Vz2 +9=1+/9tan?0 + 9 = /9(tan2 0 + 1) = V9sec? 0 x
= 3 |sec 8] = 3 sec @ for the relevant values of 6. 0
3

3 3
/\/_Q'ZT /3 tan 0 eC2t9d0=33/tan308ec0d0=33/tan26’tan6‘sec0d9
T
:33f(sec 9-—1) tanGsec0d9:33f(u2—1) du [u = sec, du = sec§ tan 0 df]

1(=*+9)"" Vo759
3 33 3

:%(502+93/2 9vz24+9+C or %(w2—18)\/cc2+9+0

4. Let ¢ = 4sinf, where —m/2 < § < w/2. Then dz = 4 cos 0 df and

V16 — 22 = \/16 — 16sin%20 = v/16 cos2 @ = 4 |cos 8| = 4cosf. Whenz = 0,4sinf =0 = 6 =0, and
when z = 2v/3, 4sinf = 2¢/3 = sinf = @ = 6 = 3. Thus, substitution gives

+C

=33(%u3—u)+0—3( sec 0—sec9)+O 3 [

2v/3 3 w/3 43 /3
N — / £sin’0, osod9:43/ sin® 0 df
«/16 _ xZ “4cosf o

=48 / (1- cos? 6) sinf do
0

f ( u?) du = —64[u — %u3]1/2

(-4 (- )]~ =

Or: Letu = 16 — 22, 22 = 16 — u, du = —2z dz.



SECTION 7.3 TRIGONOMETRIC SUBSTITUTION O 575

5. Lett = secf.sodt = sectanfdf.t =2 = f=7%.andt=2 = 6 = 3. Then

2 1 /3 1 0 tan 8 dd /3 a0 s, 0.do
—_—dt= — tanfdo = —QZy =
/\/2_ OV dt /4 5oc3 Otanf sec 6 tan /M4 o’ B /W/4 cos

= 7:r/:%(l-}—cos%)d = %[9+—s1n20]

=3[(5+39) -G+ 0] =3(5+L-4)=m+¥ -}

/3

6. Letz = 2tanf, sodr = 2sec’0df,z =0 = H=0,andz=2 = 6 = 7. Then

foz z3vx? +4ddz = 0"/4 23 tan30 - 2sech - 2sec?6dh = 2° f0"/4 tan? 0 sec? @ sec 6 tan 6 df
=2° f0"/4(sec2 6 — 1) sec® fsecHtanfdo
=2° flﬁ(UQ —1Dudu [u = sech, du = secftan @ df)

42—

W=
[\V]
5
SN~—

|

—~
o=

|

W=
N—
=

o - ]} =2

S
o=

—25f1 ut —u? du:25[
=32(%V2+5) = % (V2 +1)

Or:Letu =22+ 4,22 =u—4,du = 2z dz.

1. Letz = 5sin 6, so dz = 5cos 6 df. Then

1 1 5
——dz = | —————5 0do
/ V2 —22 " ) 52sin?0 5cosh x
=5 [csc?0df = —L cot0+C 0
25— x*
1 \/25—502
" 25 T
8. Letxz = asech, whereO<6‘<—0r7r<6)< . Then
dr = asecftanfdf and vVz2 — a? = atanb. so X = &

S E 2
/ z 1 a / atan@ asec&tan@d@ 0
T a
1 )
:a—z/sm 0 cos 6 db

1 s
:ﬁsm 0+C= 3a2z3
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9. Let z = 4tan 6, where -3 <0< 3. Thendx = 4sec? 6d0 and

Va2 +16 = V16tan? 0 + 16 = /16(tan? 0 + 1) JaP+16
X
= V16sec? 0 = 4 |secl)|
= 4 sec 0 for the relevant values of 6. 0 2
4sec’0db
= 0do =1
/ T / Toocd /sec df = In|sech + tanb| + C:
/22
:ln‘—mf——l—ﬁ— -I-E +C :ln|\/a:2+16+m| —In 4| + C:

=1In(vz2 +16+z) + C, where C = C; — In4.

(Since V22 + 16 + = > 0, we don’t need the absolute value.)

10. Let t = v/2tan6, where —5 <0< 5. Thendt = V2 sec? 0df and

V2 +2 =+v2tan?0+2 = \/2(tan?6 + 1) = v2sec2 6

= /2|sec| = v/2secd for the relevant values of 6.

t° 4+/2tan® 6 5 2 2
dt = [ X222 /2se 6d0—4\/§/ta Hsec0d0:4\/§/ sec” 0 — 1) secfhtan6 do
V2 +2 / V2sech o " ( )
=42 [ (v? —1)2du [u=secf, du = secOtanfdf] =42 [ (u* —2u® +1)du
—4\/‘< 3u +u>+C— fu(3u4—10u2+15)+c
5) 2 2 2
_4v2 VB2, (42?7 o +2 . ¢
15 A 22 2

242 1[3(t* + 4t +4) — 20(t* +2) + 60] + C
V24203t — 82 +32) + C

11. Let 2z = sin @, where —F < 6 < Z. Thenz = 3 sin®,

dmz%cosGdQ,and\/1—4x2:\/1—(2w)2:c039. ! 2%
[V1—42?dz = [cosf (3 cosh)df = [ (1+ cos20)df [
— 2
=1(0+ Lsin20) +C = 1(6+sinfcosb) + C VI-d4x

=1 [Sin_l(Qx) +2z+/1 —~4JI2] +C

12. fom\/:ﬁ d:c—f4 ( du) [u =22 + 4, du = 2z dx] :%%[ 3/2] (5\/_7 )

W=
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13. Let ¢ = 3secf, where 0 < 8 < Z orm < 6 < 3. Then

dz = 3secOtan6df and vz2 — 9 = 3tané, so X -
J2-9
2
/V 3“““9 - 3secOtanfdd = 3 /——ta“20d9 5
sec? 0 3

=1 [sin®0df =31 [1(1—cos20)df =46 — $5sin20+C = g6 — gsinfcosd + C

1z 1vz2-93 1z z2 -9
—gsec (§>—6 = z+C—6sec (3) 922 +C
14. Let v = /5 sinf, so du = v/5 cos 0 df. Then
du / 1 VB 1 / NE;
= 5cosfdf = — [ cscOdb u
/u\/S—u2 V5 sinf - v/5 cos6 NG
_71_gln|csc9—cot0|+C [by Exercise 7.2.39] 0 — L]
V5
JE 2
:_]nﬁ_g +C
NG u u
15. Letz = asinf, where —5 < 6 < 7. Then dx = acos 6 df and
2 2.2
/ T d;z:3 ' :/a sin® 6 a cos 0 df =/tan20d0 a N
(a2 — z2)% a3 cos3
4
:/(secQO—l)dH:tanG—e-r-C' @t — x?
_ x o _1E
=T sin a+C
16. Let 4z = 3sec, where0 < < Zorm <0 < 37” Then
dw:%sec@tan&d&and V1622 — 9 = 3tand, so 4x N
22—
/ / 4secé’tan@dé’ %
24/ 16:1:2 *sec2f3tand 3
4 162 — J1622 —
:§/cos0d6’:%sinH—f-C:%%qrm—g-f—C—%—i—C
T

17. Letu = z® — 7, so du = 2z dz. Then

1 1
\/w—::—_—7dm:—2-/—du:%-2\/17+0:\/a:2—7+0.
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18. Let az = bsec, so (az)® = b?sec’§ =

(az)® — b% = b¥sec? 0 — b* = b? (sec? 6 — 1) = b tan? 0. So ax faxP =5
V (az?) — b2 = btand, dr = Ssec@tanOdG, and A
b
dz 2 secftan6 1 sec 1 cos 6 1
/ (@) — 0] [ s = [ g 0= [ g 0= [ weoeoroa
1 1 azr T
s C =% o +C

2 2
ab ab \/ (az)? — b2 b2,/ (az)? — b2

19. Let z = tan 6, where —5 < 6 < 7. Thendz = sec? 0do

and v1 + 22 = secf, so J1+x2
x
/ 2
/ﬂ—dx:/secesec20d0:/Sece(l+tan26’)d0
x tan tan 0
= [(cscO + secftanb) df 1
=In|csch — cot 8] +secd + C  [by Exercise 7.2.39]
AL 2 T+ 22 v 7 _
:ln’_l.g-_z__% +__il_itw__|_czln __1._'_::—1'4_,/1_’_3:2_'_0
20. Lett = 5sin§, where —Z < 6 < 7. Then dt = 5cosfdf
and /25 — t2 = 5cos @, so 5 .
t 5sin @
—_—dt = 5cos0df =5 [ sinfdf
[ == samgeowr=s [ o ;
V25 — t2 frs _ 12
=—50059+C=—5-5—+C=—\/25—t2+C 25—t

5
Or: Letu = 25 — t2, so du = —2t dt.

2. Letu=4—-92> = du=—18zdz. Thenz® = { (4 — u) and

f02/3 zsmdmsz é(él—u)ul/2 (—%) du = 15 f(;l (4u1/2 —u3/2> du

=[50 - 2] = (% - %) = 5k
Or: Let 3z = 2sin 6, where —3 <60 < 7.
22. Letz = tan®, where —5 < 6 < 5. Thendz = sec? 0.d,
V2 +t1=secfandz=0 = 0=0,z=1 = 0=7%.s0 \/XT‘FT .
foVzZ+1da = fo"/4 secOsec’ Hdf = 0”/4 sec® 6 df %
/4 1
=1 [sec ftan 6 + ln |sec 6 + tan 6| ] o [by Example 7.2.8]

= %[\fz.l+ln(1+\/§)—0~ln(l+0)] = %[\/5+1n(1+‘/§)]
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B.5+4r 2= (2> —dz+4)+9=—(z—2)> +9. Let
z—-2=3sinf, -5 <0< 2,50 dx = 3cos6df. Then 3

VBT dz—22ds = [ \/9— (2 —2)2dz = [ \/9— 9sin? §3cos O df
= [V9cos203cos0df = [9cos® 6db N
=2 [(1+cos20)df = §(0+ 5sin20) +C Ny
=20+ 9sin20+C = 20+ §(2sinfcosd) +C

_ 9 - 1(z‘2)+g.m—2 \/5+4x—:172+0

9
2
9
2

T2 3 /)72 73 3

:gsin_1($_2> +—21-(x—2)\/5+4:c—:z2+0

2 3

2812 —6t+13= (12 —6t+9) +4 = (t —3)>+2% Lett — 3 = 2tan¥, 137422
(t=3)
=JP-61+13

so dt = 2sec® 6 df. Then
2
2sec” 0 a0

dt / 1 2 /
= 2sec” 0df =
/ V2 —6t+13 \/(2 tan 8)2 + 22 2

= [secddf = In|secd +tan6| + C, [by Formula7.2.1]

VE—6t+13  t—3
3 2

=In|Vt?—6t+13+t—3|+C whereC = Ci—In2

+C

=In

1
3 du

25. 92° + 62 — 8 = (3z +1)* — 9,50 letw = 3z + 1, du = 3dz. Then/ / )
\/9m2+6w— u? -9
letu =3secf, where0 < 6 < Form <6< 37".Thendu =3secHtanfdb and vu? — 9 = 3tan¥b, so

du secftanfdd _

Vaiz—9 3tand
:lln\u+\/u2—9(+0-—— %1n‘3x+1+\/9m2+6:c—8‘+0

3 [secfdf = % In|secd + tan6| + C1 = 3 In

ut V;Q_Q‘Jrc

26. 4:c—a:2=—(m2—4m+4)+4=4—(z—2)2,soletu:m—2.Then:r:u+2anddm:du,so

2’ dz (u+2)?du [ (2sinf +2)°
= = 2 = i
Viz—a? Vi-a2 Zcosg 2cos0dd [Putu=2sinf]
=4 [ (sin® 60 + 2sin6 + 1) df
=2[(1-cos20)df+8 [sin6dd +4 [ df 5
u

=26 —sin20 — 8cosf + 46 + C
=660 — 8cosf — 2sinfcosf + C
= 6sin” 1( )—4\/4—u2f—u\/4—u2+C Va-u

zﬁsin_1<%> —4\/4$—x2—( >\/4z—z2+0
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21.2°+22+2=(z+1)>+ 1 Letu =z + 1, du = dz. Then

/ dz _ / du / sec? 8do where u = tan 8, du = sec? 0 d#.
(22 + 2z +2)? (2 +1)2 sect § and u? + 1 = sec2 ¢

= [cos’0df =1 [(1+cos20)df = 1(0 +sinfcosh) +C

z+1
T2+ 22 + 2

= 1 [tan_1 u+

S PO
5 ]+C—2[tan (z+1)+

U
1+ u? }+C

8.5-4z-2"=— (" +42+4)+9=9—(z+2)° Letu=x+2 = du=dz. Then
where u = 3sin 6, du:3c059d0.]

/ dz _ / du _ /3(:030d0
(5 — 4z — 22)5/? (9 — u2)®/? ~ J (3cos6)’ and v9 — u? = 3cos @

= g7 [sec*0d6 = & [ (tan®0 + 1) sec?0df = 113 tan® 60 + tanf] + C

1 ud 3u 1 (z+2)3 3(z+ 2)
=— + +C = + c
243 [(9—11,2)3/2 V9 — u? 243 [(5 4z —22)%% /5 — 4z — z2 *

29. Letu = 22, du = 2z dz. Then

21 —z4dr = [V1—uZ(%du) =1 [cosf - cosbdb

/ / (2 ) 2f and /1 — u? = cos@
= %fl(1+c0329)d9: 30+ 3sin20+C = 56’ + 3 sinfcosf + C
=3sin ' u+ Juy1 —u? 4+ C = Lsin7! (22 +12*V1i-z4+C

30. Let u = sint, du = costdt. Then

where u = sin 6, du = cos 6 dG,]

cost 1 1 /4 q 2 where u = tan 6, du = sec® 6 d#,
/ —dt:/ -——duz/ —— sec” 0db
o 1+sin?t o V1+4u? o secl and v/1 + u2 = secf
P /4 . .
= /o /* sechdf = [ln |sec @ + tan 6|} [by (1) in Section 7.2]
0
=In(v2+1) —In(1+0) =In(v2 +1)
3. (a) Letz = atand. where —5 < 6 < Z. Then v/z2 4 a? = asecf and

asec?0do

dx
= 0df =1 0+tand| + C
/ o / ~soc? /sec nlsec6 + tan6| + C; =

=ln(m+ a:2+a2) +C where C =C; — In|a|

\/:c2 + a?
a

+2+a
a

(b) Let x = asinht. so that dz = a cosh tdt and v/z2 + a? = acosht. Then
acoshtdt

dz . 1
= =t+C =sinh™" = .
/ vVz2 + a2 / acosht + s a +0C

32. (a) Letz = atan6, -3 < 6 < 7. Then

2 2, 2 2 29
:/ T . 2dw:/a3tan3 easeczﬁdaz/tan Odaz/sec 0 1d6
(z2 + a2)%/ a3sec3 0 sec 6 sec§

= [(sec® — cos)df = In|secd + tan§| — sinf + C

/22 + a2
:1nx—+a_+E_L+C:1n(m+ z2+a2)f———£—+01
a a Vz? + a2 T2 + a2
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(b) Let z = asinht. Then

I:/ —————a2Sinh2tacoshtdt = [tanh?®tdt = [ (1 —sech®t) dt =t — tanht +C
ad cosh®t .

:sinh_lf——m-—-f-o

a a2+ z?

33. The average value of f(z) = v/z2 — 1/ on the interval [1, 7] is

N where z = sec 9, dr = secftan 6 db,
/ z dmzl/ ta‘ng~sec0tan¢9d0
6 Jo sect VzZ —1=tanf.and @ = sec™'7

=1 [*tan’0d0 = § [ (sec’d —1)db

:é[tan@—&]j:é(tana—a)
= é(\/él_S— sec™! 7)
38.92° 42 =36 = y=%3Va2-4 =

area—2f3 3Vx? —4de = 3[2 V2 —4dx Y

where z = 2secf, 3 NG
=3[, 2tanf2secOtanfdf |dz = 2sectanddo. ”
o =sec '3 * 2

=12 [ (sec2 6 — 1) sec0df = 12]00‘ (sec3 6 — secd) df

=12[3(sec tan 6 + In|sec + tan6]) — 1n|sec0+tan9|]g
=6[se09tan0 — In|sect +tan9[]a
0

=6[2F —in(3 + )] = 2f - 61m(255)

35. Area of APOQ = 1(rcosf)(rsinf) = 3r?sinfcos6. Area of region PQR = [’ /7% — z2dz.
Letz =rcosu = dz = —rsinuduforf <u < 7. Then we obtain

[VrE—z%dz = [rsinu(-rsinu)du= —r® [sin’ udu = —4r*(u — sinucosu) + C
=—1rlcos™H(z/r) + Lz /r2 — 22+ C

SO

area of region PQR = 3 [—7‘ cos™ (z/r) + z /12 — 22 ] "

7 cos 6

[0 - ( r20+rc050rsin0)]

2 2 .
7?6 — 3r°sinf cos §

N |= w]»—-

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = 37°6.
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36. Let z = v/2sec 6, where 0 <0< Zorm<O< 37” 50 dz = /2 sec @ tan 0df. Then

/ _ / V2 secHtanf df 0.2
z4V/2? =2 4sect 0/2tand T
:ifcos?’GdG:%f(l—sin26)c050d0 U /d
= i[sind — Lsin®*g] +C [substitute u = sin ] -3 3
1[vem=2  (a*-2)*" UF J
1 T B 323 } +C 5

From the graph, it appears that our answer is reasonable. [Notice that f () is large when F increases rapidly and

small when F’ levels out.]

31. From the graph, it appears that the curve y = 22v/4 — 22 and the line

y = 2 — x intersect at about z = 0.81 and z = 2, with z2v/4 — 22 > 2 — z on
(0.81,2). So the area bounded by the curve and the line is A ~

f0281 [mz 4—a2 - (2-2z)]dz = f0281 VAi—a?de — 2z - 2 ]o 81"

To evaluate the integral, we put z = 2sin 6, where —Z 3 <0< 7Z.Then

0
dr =2cosfdf.z =2 = ezsin—llzg,andmzo.m = 6 =sin""0.405 ~ 0.417. So

f02.81 V4 —x2dm~f04174sm 60 (2 cos 6)(2cosddb) —4f"/2 sin 20d9—4f"/2 1(1 - cos46) db

0.417 0.417 2

=2[0— 1sin40]772 =2[(Z - 0) — (0.417 — 1(0.995))] ~ 2.81
Thus, A~ 281 — [(2-2—3-2%) — (2-0.81 — 1 .0.81%)] =~ 2.10.

38. Letz = btan @, so that dz = bsec? 0 df and /22 + b2 = bsec.

L- 0
@ Ab Ab 2 1 2
E(P)= dr = / bsec” 6dO
#) /_ 4meo(z? + b2)%/? 4dmeo (bsec)® N
A [ X[ A 62
= df = 0do = in6
dmeob Jo, secl dmeob Jo, €08 4meod [sm ]91 0

A T }L_a__ A L—a +_a
dmeob | VaZ +52)_,  dmeob\ \/(L—a)2+ 02 VaZ+b?

39. Let the equation of the large circle be z? 4+ y?> = R?. Then the equation of the small circle is z* + (y — b)?

where b = v/R? — 12 is the distance between the centers of the circles. The desired area is
A=[" [(b+vr?—2?) —VR2 —2?|dz =2 [, (b+Vr2—22 —VR? —22)dz
=2 [ bdz+2 [ Vr? —zdz—2 [] VRZ —22dx
The first integral is just 2br = 2r +/R2 — r2. To evaluate the other two integrals, note that
[Va? —z2dz = [a*cos®0df [z =asinb, dr=acosfdf] = %az J (1 + cos26)do
= %az(O + 3sin26) +C = %a2(9 +sinfcosf) + C

2 2 /a2 — 2 2
= %arcsin(£> + L (£> YT o= %arcsin(g) + -3:2-\/(12—11? +C
a

2 \a a
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so the desired area is
A=2r\/R?—r2+ [r2 arcsin(z/r) + z /72 — :1:2]0 - [R2 arcsin(z/R) + z vV R? — m2]0

=2rv/R2 —r2+7°(%) - [R2 arcsin(r/R) + 7/ R? — 7'2] =r+v/R? —r2+ Zr® — R*arcsin(r/R)

40. Note that the circular cross-sections of the tank are the same everywhere, so the
percentage of the total capacity that is being used is equal to the percentage of any

cross-section that is under water. The underwater area is
2
A= 2]_5 \/25 — y2 dy

2
= [25 arcsin(y/5) + y v/ 25 — yz} [substitute y = 5sin 0]
-5

= 25arcsin 2 + 2v21 + 27 ~ 58.72 ft®

so the fraction of the total capacity in use is R?’_)—? ~ % = 0.748 or 74.8%.

#1. We use cylindrical shells and assume that R > . 2> =72 — (y — R)> = z=+/r?—(y— R)%s0
9ly) =2y/r*> - (y — R)* and

V= fgf: 21y - 2/r2 — (y— R)?dy = [ 4r(u+ R)Vr? —u?du [whereu =y — R]

:47Tfr uiE = du +47erT T du where u = rsinf, du = r cos 6 df
-r -r in the second integral

= 47r[—% (r* - u2)3/2} " 4 4anR fl/jz r? cos? 0df = —42(0 — 0) + 4w Rr® f:/r% cos® 6 df
=2xRr? [T/ (1+ c0s20) df = 2rRr? [0 +  sin20] ™7 = 2n Rr?

Another method: Use washers instead of shells, so V = 87R for \/72 — 42 dy as in Exercise 6.2.61(a), but evaluate
the integral using y = rsin 6.

1.4 Integration of Rational Functions by Partial Fractions

1. (a) 2 -4 + B
Y (x+3)Bz+1)  z+3  3z+1
(b) 1 — 1 — 1 _.é _.B_+_g_
z3+222 4+ z(@24+2z4+1) z(z+1)2 z z+1 (z+1)2
2 @) r-1 =z-1 A B C
) 3422 x2(z+1) =z 22 z+1
) t—1 -1 A Bz+C
B+zr xxz2+1) =z x2+1
2 2 A B
3. = =
(a)m2+3m—4 (z+4)(z—-1) m+4+z—1
z? A Bz +C

(b) z% + z + 1 is irreducible, so = .
(z—1)(z?2+z+1) $—1+m2+x~|—1
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z° 13z + 12 13z + 12 A B

T a4t =4+ —— = =z —_—
22 +4z +3 2rd4z+3 T arne+y i ari T oo
) 2z 41 __A 4 B n C +DaH—E Fr+G
(+1)83(z2+4)2 z+1 (z+1)2  (z+1)°  z2+4 ' (22 + 4)2
z* (z* —1)+1 1 1
3 = =1 = -_—
(a) pov pov +w4—1 [or use long division] 1+(z2—1)(x2+1)
1 A B Cz+ D
te D@y troitia it =
b t*+t*+1  At+B  Ct+D  Et+F
(B2 +1)(t2+4)* t2+1 24+4 " (12 44)?

@ zd _ zt _ z3 _Az+B Cz+D
@ ta)(e? -2 +3) (@2 +1)(z2—z+3) (@®+1)(@®-x+3) 22+1  22-z+3
1 1 1 A B D F

®) _ _ _ +C+ Ex +

2 -3 23(23-1) z3(z-1)(224+z+1) =z 22 2 z—1 224z+1

/ z dw:/wdw:/ 1—|——6— dr =z+6ln|z—6|+C
z—-6 z—6 z—6

2 2
r r“—16 16 16
./r+4 r—/( — +r+4) dr_/(r—4+—-—T+4>dr [or use long division]

=3ir’ —4dr+16ln|r+4/+C
z—9 A B . .
= + . Multiply both sides by (z + 5)(z — 2) togetz — 9 = A(x — 2) + B(z + 5).

"(z+5)(z—2) z4+5 -2

10.

1.

12

':1:2+3m+2:a:+1

Substituting 2 for z gives =7 = 7B & B = —1. Substituting —5 for z gives —14 = —7A < A = 2. Thus,

r—9 2 -1
—_— _dx = —_ dr =21 5/ —1 -2 C
/(w+5)(m—2) v /<w+5+m—2> #=2nlw+ 5l ~Infe -2+

1 A B
GroE D S atoT < 1= A(t — 1) + B(t + 4).

t=1 = 1=5B = B=g; t=-4 = 1=-54 = A= -1 Thus,

1 ~1/5 1/5 . . 1 |t
R S N (e VL BRI A Lnjt—1/+C or =1
/(t+4)(t—1)dt /<t+4+t—1>dt slnft+4f+sinjt—1[+C or zin

1 1 A B
= = . i h si 1 —1)t t

Z -1 @+D@E-1D z+1 + p— Multiply both sides by (z + 1)(z — 1) to ge

1= A(z — 1) + B(z + 1). Substituting 1 for z gives 1 = 2B < B = 1.

Substituting —1 for z gives 1 = —2A4 & A = —1. Thus,

3 3
1 ~1/2 12 . . 3
/2——w2_1dz:/2<——-—x 1+m71)dz——[—51n|w+1|+51nlz—1|]2

=(-3mn4+1m2)— (-1In3+1In1) = (In2+1n3 —In4) [or 21n 3]
z—1 A

Multiply both sides by (z + 1)(z + 2) togetz — 1 = A(z + 2) + B(z + 1).

n B
z+2
Substituting —2 for x gives -3 = —B < B = 3. Substituting —1 for z gives —2 = A. Thus,
1 1
z—1 —2 3 1
—_— = — 4+ —— ) dz = |-21 1|+ 31 2
/0 m2+3z+2dm /()($+1+z+2) T [ nlz+1/+3In|z + I]o

=(-2In2+43In3) — (-2In1+3In2) =3In3-5In2 [or In Z[]



SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS O 585

13/ / (x_b) /w—(i—gd:c:alnlm—b|+0

1 1 1 1 .
= - , so if b, th
14'Ifa#b’(z+a)(x+b) b—a<x+a a:-+—b> soifa # en
T 1 1 T+a
= -1 C=—"I1 C
/(m+a)(x+b) b_a(ln|m+a| nle+ b)) + b—a '|z+b +
dz 1
If(z—l7,thc‘.nf($_+_a)2 _ﬁz+a+c'
15 2t3 _ A + B = 2z+3=A(z+1)+ B. Takex = —1to get B = 1, and equate

"(z+1)2 z+1 (z41)°
coefficients of z to get A = 2. Now
1

1 oz +3 r 2 1 1
/0 @12 ™ /0 [$+1+(m+1)2] o { n(z+1) z+1],

=2In2-1-(2ln1-1)=2In2+

2 — 4z — 10 3z —4 3z —4 A B
6. 2 28— 0 a1y —2F " Wit - . Th
7 26 Pt ety VG @r2 -3 z+2 O

3z —4 = A(z +2) + B(x — 3). Takingz = 3andz = -2, weget5 =54 & A=land-10=-5B &
B =250

1

1,3 1
z° — 4z — 10 1 2 1,
—————dx = —_— |2 .
‘/0 2 _—o_6 % /()(z+1+:c—3+w+2) dx [2:6 +z+Injz— 3|+ 2In(z + 2)

=(3+1+In2+2mn3)—(0+0+In3+2mn2)=3+m3-In2=35+In}

0

4@ -Ty—12 A B C
Voo E 2, P L Y o 4 -Ty—12=A(y+2)(y-3)+B 3) + Cy(y +2).
yy+2)(y-3) vy y+2 y-3 vy (y+2)(y —3) + Byly — 3) + Cy(y +2)

Setting y = 0 gives —12 = —6A, so A = 2. Setting y = —2 gives 18 = 10B,so B = %. Setting y = 3 gives
3=15C,s0C = % Now

2 2 2
4y° — Ty — 12 / (2 9/5 1/5) 9
= 7 dy= R A dy = [21n +2 Inly + 2| + 11n 3
/1 y(y+2)(y-3) Y 1 y+2 y=[2nlyl lv+2l Iy - ”

=2In2+¢In4+$In1—2In1 - 23— $In2

=2In2+¥m2-1m2-¢mn3=Zm2-¢In3=2(3In2-In3)=2In}

z2+2c -1 z? 42z —1 A B C
18. = == — _
e @i D@D s + 711 + Multlply both sides by z(z + 1)(z — 1) to get
2242 —1=A(z+1)(z—1)+Bz(z - 1) + Cm(m + 1). Substituting O for z gives -1 = -4 & A=1
Substituting —1 for z gives —2 = 2B < B = —1. Substituting 1 for z gives 2 =2C & C = 1. Thus,

2?4+ 2z -1 1 1 1 m(z 1)
L  dr= L _ _ B _
/ 23 _ 71 /(w m+1+m41)dm Injz| —In|z+1|+Injz —1|+C =1n poarn

+C.




586 O CHAPTER7 TECHNIQUES OF INTEGRATION

1 A B C
9. = = — —_ 2 :
(z+5)° (-1 z+5 + (z +5)° tz—o1 =1 Az +5)(z — 1) + B(z — 1) + C(z + 5)*. Setting

T=-5givesl = —6B.so B = —é. Setting = 1 gives 1 = 36C, so C = %. Setting x = —2 gives
1=AB)(=3)+B(-3)+C(3%) = -94-3B+9C = 94+ 1 + 1 = 94+ 3 5094 = —1 and

A= —2- Now
1 B -1/36  1/6 1/36 -
/(x+5)2(x—1)dm_/[x+5 (m+5)2+x—1]d

_r .
6w+5)

1
:——1n|a:+5|+ 1n|a: 1|+C

x> A B C

20. =
(x —3)(z +2)? $—3+x+2+(z‘+2)2

= z° =A(z+2)*+B(z - 3)(z+2) + C(z — 3).

Setting z = 3 gives A = 2—95. Takez = —2toget C = —%, and equate the coefficients of z> toget 1 = A+ B =
B = 15 Then

z? _ 9/25 16/25 4/5
/(w—3)(x+2)2dm‘/[x—3+z+2 e

9 4
=—In|z -3 1 2l + ——
% |z |+ nlz + |+5(m+2)+C’

522+3z—-2 520°+3z-2 A B C
21 = ==+ = + ———. Multipl *z+2
2 027 2 (z+9) :c+w2+:c+2 Multiply by z*(z + 2) to get

5:1:2+3:c—2=Ax(m+2)+B(z+2)+Cz2.Setx:—2togetC:3,andtakem:Otoget

B = —1. Equating the coefficients of z° gives5 = A+ C = A=2. So

52° + 3z — 2 2 1 3 1
/ z8 + 222 dm_/<5_:c_2+x+2>dm_2ln]$'+;+3ln|$+2|+0~

+ = 1=As(s—1)*+ B(s — 1) + Cs*(s — 1) + Ds>?.

" s2(s—1)2 7 s 2 T s—1 (s—1)2
Set s = 0, giving B = 1. Thenset s = 1 to get D = 1. Equate the coefficients of s> to get 0 = A + C or

A= —C,andfinallyset s = 2toget1 =2A+1—-4A+4 or A= 2. Now

ds 2 1 2 1 1 1
— = -+ 5 - —+ ———=|ds=2I —=—2Inls-1- —+C.
/32(3—1)2 /[s+s2 s—1+(s—1)2] s nlsl s nls—1| s—1+

PO | LB
(418 z+1 ) (z4+1)2 7 (xz+1)3
Setting x = —1 gives C' = 1. Equating the coefficients of 2% gives A = 1, and setting z = 0 gives B = —2.

Now 2 dr ! _ 2 + ! dr =In|z+ 1|+ 2 _ L +C
M) @r1p T ) |zrl @y @i T z+1 20@+12 7

S

. Multiply by (z + 1)> to get z*> = A(z +1)> + B(z + 1) + C.

. Thus,

T (z+1) -1 1 z® _[ 1 r_ 3 3 1

2. - —1- : =1 — - -
z+1 z+1 z+1 So(:1:—{—1)3 z+1 .'zr—i—l—f_(:vﬂ—l)2 (z+1)3

/—$3_d —/1— 3 + 3 - 1 de =z —3n|z+ 1| — 3 + ! +C
(x+1)32 7 z+1  (@+1)2 (@+132|"7 z+1 2@+ 12




25.

26.

21.

28.
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= . Multiply both sides by (z — 1)(z* + 9) to get
(z - 1)(z® +9) z—1+ 22 g Multiply oth sides by (z — 1)(z ) to g

10 = A(2> +9) + (Bx 4 C)(z — 1) (*). Substituting 1 for z gives 10 = 104 < A = 1. Substituting 0 for z

gives10 =94 - C = C =9(1) — 10 = —1. The coefficients of the z2-terms in (*) must be equal, so
0=A+B = B=-1 Thus,

10 1 —z-1 1 a: 1
= _dr=[(— dz = - - d
/(ac—l)(a:'ug)d“c /<x~1+m2+9) o /(z—l 22+ 9 z2+9> v

=Injz — 1| - 1In(z? +9) [letu =2 +9] — tan"' () [Formula10] + C

2 2
22—-z+6 z°—-xz+6 A Bzx+C ) )

= == . Multiply b to get
P13z a(@+3) o zzts P y z(z® +3) to ge

2 —x4+6= A(z2 +3) + (Bz + C)z. Substituting 0 for z gives6 =34 < A = 2. The coefficients of the

z2-terms must be equal. so 1 = A+ B = B =1—2 = —1. The coefficients of the z-terms must be equal, so
—1 = C. Thus,

2

¢ —xz+6 2 —r—1 2 x 1
- dz = — —_— = P —
/z3+3x ‘ /<$+x2+3>dm /<a: 22 +3 z2+3>dx

=2In|z| - %ln(mz-}-B) - itan—ll+C'

V3 V3

2’ +z2*+2r+1 Az+B  Cz+D
(22 +1)(x2+2) z2+1 z? 42
@ +2?+20+1=(Az+ B)(z* +2) + (Cz+ D)(z* +1) &

. Multiply both sides by (wz + 1) (332 + 2) to get

2® + 2% + 2z + 1= (A2’ + Bz® + 24z + 2B) + (Cz® + Dz’ + Cz + D) &
2+ 22+ 2c+1=(A+C)z® + (B+ D)z* + (2A + C)z + (2B + D). Comparing coefficients gives us the
following system of equations:
A+C=1 () B+D=1 (2)
2A+C=2 (3 2B+D=1 @)

Subtracting equation (1) from equation (3) gives us A = 1, so C = 0. Subtracting equation (2) from equation (4)

3 2
. o+ +2x+1 T 1 T
ivesus B=0,s0D =1.Thus. I = | —————dzx = —_—t .
& /(m2+1)(ac2+2) v /<$2+1 w2+2>dm For/w2+1dm,

letu:m2+1sodu:2xdwandthen/ dwz%/ldu:%ln|u|+C:%ln(12+1)+C‘For
u

_zr
2 +1

1 . 1 1 1 T
——— dz, use Formula 10 with a = v/2. So/——dx:/_——dx: —tan ' XL 4.
/x2+2 $2+2 1:2—}—(\/5)2 \/5 \/5

1
Thus, I = 5 ln(x2 + 1) + 1 tan—! = +C.

V2 V2

22 —2z—-1 A n B +Cz—|—D
(z-1)2@=2+1) -1 (z—-1)2 z2+1

-2z —-1= Az —1)(z* +1) + B(z* + 1) + (Cz + D)(z — 1)°. Setting z = 1 gives B = —1.

=

Equating the coefficients of z° gives A = —C. Equating the constant terms gives —1 = —A — 1+ D, so. D=A,
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and setting = 2 gives —1 =54 —5 - 244+ A or A = 1. We have

22 —2c—1 i /[ 1 1 z-1].
ol _ _ -
(x—1)*(z2 +1) -1 (z—1)2 z2+1

1
:lnlz—ll-}—x—_—l—%ln(z2+1)+tan_1x+c

z+4 z+1 3 1 [ (2z+2)dx 3dz
2. | ————dr = d ==
/:1:2+2:1:+5 o /z2+2x+5 $+/$2+2x+5dm 2/x2+2x+5+/(z+1)2+4

1 2du where z + 1 = 2u
=ZIn|z? +2 3/— ’
2 nfe® +22 45| + 4(u? +1) [ and dz = 2du }

1
:Eln(xz+2x+5)+gtan_lu+02%ln(z2+2x+5)+%tan_l<m;1> +C

30 z3—2z2+x+1¥m372x2+z+1_A.'B+B Cz+D
ozt +5z24+4 0 (224 1)(224+4) 22 +1 z2+4

#® - 22> + z+1 = (Az + B)(2® + 4) + (Cz + D)(2* + 1). Equating coefficients gives A + C = 1,
B+D=-24A+C=14B+D=1 = A=0,C=1,B=1 D= -3. Now

3 2
o -2z +z+1 dz r—3 1 1 2 3 _1
/*—x4+5$2+4 dm:/m2+1+/x2+4dw:tan z+ 3In(z” +4) — 3tan™(z/2) + C.

1 1 A Bx+4C 2
. = = = 1=A +1) + (Bzx + —1).
o z22—-1 (z—1)(z2+z+1) :1:—1+a:2+m+1 (2 +2+1) +(Bz+C)(= - 1)

Takex = 1toget A = % Equating coefficients of z* and then comparing the constant terms, we get0 = % + B,
l1=3-C.soB=—-3C=-%2 =

1 3 —32-3 1 1/ r+2
- — 33 gp—lpmg -1 -2 [ =2T2 4
/ms—ldm /x—1d$+/m2+a:+1dx sinjz—1] 3) 2rzr1”

1 z+1/2 1 (3/2)dz
—lljz—1 ——/—d o e
sIn|z — 1| 3] mras1% 3 GT1/2’ 3

1 1 2 12 Lzt
=ilnjz—1] - In(z +w+1)—5(%)tan 3/ +K

=imje -1 - {ln(e® +2+1) - Ftan " (H2e+1) + K

I

2 [ — % 4 /1—%(2:”4) dxf2/1—d$

o z2+4x+13 o x2+4z+13 o (x+2)2+9
/lsdy 2/1 3du {wherey::c2+4x+l3,dy:(2z+4)dz,
L ,

3 Y 23 U2 +9 z+ 2 =3u,anddz = 3du
-1

Uy =335 - §(5 —tan}(3))

2+ 2ean(2)
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33. Letu = 2° + 322 + 4. Thendu = 3(2® +2z)dz =

5 .2 204
. x:l/ M 11y = 1(1n204—n24) = 12 = I 1L,
o T3+ 3z%2+4 3/ u
= (P -1 1 . (A Bz+C \ _
341 xd+1 B +1 z+1 z2-z+1
1= A(z® —z +1) + (Bz + C)(z + 1). Equate the terms of degree 2, 1 and 0 to get 0 = A + B,
0=—-A+B+C,1=A+C. Solve the three equations toget A= 2, B=—1,and C = 2. So
3 1 1.2
@ ([ _= 32-3 |,
/z3+1dx_/[1 w+1+w2—z+1] .r
1 2z —1 1 dz
—p_ 1 de — = | — %
=z ln|m+1|+ /zz—z+1 T 2/(9:—%)24-%
=z—1lnjz+1]+3n(a® —w—+—1)ﬂ7-tan 1(-\}—5(2x~1)>+K
1 1 A B C D . .
. = ==+ —+ —— + ——. Multiply b -1 1) to get
% zt—22 z(z—-1)(z+1) =z z? a:—1+a:+1 ultiply by 2°(z — 1)(z + 1) to ge

1=Az(z - 1)(z+ 1)+ B(z — 1)(z + 1) + Cz*(z + 1) + Dz*(z — 1). Setting z = 1 gives C = 1, taking
—1gives D = —%. Equating the coefficients of 3 gives 0 = A + C + D = A. Finally, setting z = 0 yields

dx -1 1/2 1/2 1 4, |z—-1
= —1. = —_— _— = — —l .
B lNow/a:4—z2 /{m2+w—1 m+1]d:v z+2n +C

rz+1
36. Letu =2 +522+4 = du= (43:3 +10z) dz = 2(23:3 + 5z) dz, 50

voog® 45z 1 [du 0 s
/o FrsE a3y, T=3[mkd], =30n10-ma)=3m3.

-3 z—3 u—4
37_/__3_—dm=/————dz=/——du [withu = z + 1]
(@2 + 2z +4)° [(z+1)%+3]° (u? +3)?

_ / udu _ 4/ / / V3sec?0do v = u? + 3 in the first integral;
(u? + 3)* (u2 +3)? 9sect 6 u = v/3tan @ in the second

-1 43 -1 2f
:(——~ /os Gdﬁ—m (6 + sinfcosh) + C
B -1 C2VB[ (z+1 V3(z+1)
T2@rt2z+4) 9 [tan ( 3 )+$2+2z+4 +C

-1 2v3 z+1 2(z +1)

:2($2+2x+4)_ g <\/§>_3(m2+2m+4)+c

4
5 +1 A Bz+C Dz + E 4 5 2 )
. =2 1= |
2@ 1 3 @l Ty T O IS AE )+ (Bt Oa(a 1) + (Dz+ B
Setting z = 0 gives A = 1, and equating the coefficients of z* gives 1 = A + B, so B = 0. Now
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C De+E _ z*4+1 1 _ 1|a'+1-(="+2°+1)| _2 ke C = 0
z2+1 (z2+1)2_a:(:r2+1)2 z (,752-l—1)2 —(x2+1)2.sowecanae o
4
x4+ 1 1 2z 1
D:—2,andE:O.Hence./——d:c:/[—————]d:c:l x| + C.
$(.’E2+1)2 x (I2+1)2 nll CL’2+1+
39. Letu =+z+1. Thenz = v? — 1, dz = 2udu =
d 2u d —
/ x :/ 2u u / du o |u— ‘-{—C’—l Vz+1-1 i
zVz +1 (u u+1 Ve +1+1

4. Letu = vz +2. Thenz = v® — 2. dz = 2udu =
I:/ dx :/ 2u du :2/ udu d U A B
z—Vz+2 u2—-2-u
u = A(u+ 1) + B(u — 2). Substituting —1 for u gives -1 = —3B <« B = 3 and substituting 2 for u gives
2=34 & A=2 Thus,

uZ —u—2 " uz—u—Z_u-2+u+1

2 2 1 )
=z + = 2(2Inju— 2| +Inju+1|) +
I 3/[u—2 " 1]du s@lnjlu—-2|+Inju+1))+C

=22Wn|Vz+2-2|+In(vVz+2+1)] +C

M. Let u = /7, so u? = z and dz = 2udu. Thus,

16 4 4 2 4
4 oL
9 :5{54 do = /3 u2u— 42u du = 2/3 u? —4 du= 2/3 <1 - u? — 4)du (by fong division]

4 du
:2-}-8‘/3 m ()

1 A B .

i = b 2)(u —2)togetl = A(u — 2) + B(u + 2). Equatin
Multlply(u+2)(u_2) wra Tu_g Y (ut2)(u—2)toge (u —2) + B(u + 2). Equating
coefficients we get A+ B = 0 and —2A + 2B = 1. SolvinggivesusB:%andA:—%,so

1 —-1/4  1/4 .
= d
Wi)w-2 ut2 u_zmd®is

/4 1/4 B B [t
2+8/ (u+2 _z)du—2+8[ UInju+2|+ 1nfu 2|}3

4 —92]71%
=2+{21n|u—2|—21n|u+2|]3=2+2[1n Z+2H
3

=2+2(InZ-1Inl) =2+2In22
:2+21ng or 2+ln(§)2:2+ln2—95

42. Letu = ¥z. Thenz =3, dz = 3u’du =

1 1 1 3u?du 1 3 ) 3 2 1
—— __dx= = 3u—3+—|du=|2u"—3u+3In(l+u
/0 1+ /0 T+u /0<”' T+u E (o

:3(In2—%)
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43 Letu = ¥22 + 1. Thenz? = u® — 1. 2zdz = 3u*du =

z3dx ' (wP = 1) 242 du
m: ( 32 :%f(u‘*—u)du—l—:’ous——u +C

=56+ -3 ) e

44, Let u = /z. Then z = v?, dz = 2udu =
V3 du

8 \/_ /fu2udu_2/
1/3 ©° +97 yvi uttur Ty sl w+1

45, If we were to substitute u = +/z, then the square root would disappear but a cube root would remain. On the other

=2 [tan

hand, the substitution u = &z would eliminate the cube root but leave a square root. We can eliminate both roots
by means of the substitution u = \6/5 (Note that 6 is the least common multiple of 2 and 3.)

Let u = ¥/Z. Then z = u®, s0 dz = 6u® du and \/z = u®, ¥z = u®. Thus,

| 757 /f:—(?f? - /u2<3il>d”:6/ult—31d“

= 6/ <u +u+1+4+ L> du [by long division]

=6(3u* + 3’ +uthnju—1)+C=2Vz+3¥z+6 ¥z +6In|Vz—-1|+C

46. Letu = ¥z. Thenz = u'? dz = 120 du =

/ /12u“du_ /usdu_w/u_u bttt bu— 1+ —— ) d
\/_+\/~ wtud ) utl wr1)™

=348 — 1247 4 20° — 2200 + 30! — 4u® +6u® — 12u+ 12Inu+ 1|+ C

=823 125712 Lo - 2552 L 30 4 Yz +6 Yz 12 ¥+ 12In( ¥z +1) +C

2

4]. Letu = €”. Thenw:lnu,dm:d?u =
/ e dz _/ u? (du/u) udu _/ -1 + 2 d
e2® + 3e® + 2 u2+3u+2 ) (u+D)(u+2) utl utz| ™

=2Inju+2|-Infu+1|+C =In[(e® +2)%/(e" +1)] +C
48. Letu =sinz. Thendu = coszdzx =
/ coszdzr du / du 1 1
in2 T = = - — ——du
sin®z + sinz u? +u u(u + 1) / v u+1

sinx
1+sinz

=In

’+C:In‘

u
u+1
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27 —
49. Letu = In(2® — = + 2), dv = dz. Then du:z,z—%idz,v:m, and (by integration by parts)
/ln(z2—m+2)d:c:mln(zz—x+2)—/Ldm:xln(m —z+2) - / 2—}-——i dz
z+2 z+2
2z —
=zln(z® —z+2) -2 ~/ 3 /
(z ) — 2z m_+_2 @ 1)2+4

. L du where ¢ — 1 = ¥Ty,

= zln(z? —$+2)—2x——ln(z —z+2)+ = /—:—1—) dz:%du,

(@—3)+i=10*+1)
=(z—3)In(@*—z+2) -2z +Ttan"tu+C

12x—1

=(z—3)In(z® —z+2) — 2z 4+ /Ttan +C

50. Letu =tan"'z,dv =2dz = du:dm/(1+ac2),v:%w2.
2

- 1 . -
Then [ ztan lzde = %zz tan"lz — = / dz. To evaluate the last integral, use long division or observe

1+ 22
2
T (1+2? 1
that/1+m2da::/ 1+ 2 /1d9:~/ dr =z —tan" z + Ci. So
[ztan'zde = Lz’ tan 'z — (z —tan'z + C1) = %(a: tan'z+tan"'z —z) + C.
51. 0.05 From the graph, we see that the integral will be negative, and we guess
of- t ] 2 that the area is about the same as that of a rectangle with width 2 and

height 0.3, so we estimate the integral to be — (2 - 0.3) = —0.6. Now
1 B 1 A n B N
z2-2z-3 (z-3)(z+1) z-3 =z+1

1=(A+B)z+A-3B,soA=-BandA-3B=1 & A=3

-0.35
and B = —— , so the integral becomes
2 2 2
dz 1 dz 1 dz 1 2
S S ! — Uz -3/ -1 1]
/0$2—2x—3 4/0 z-3 4), z+1 4[“'“’ | = Infe+ 1]
1 z—3|]?
:Z[lnm]0:%(1n§—1n3):—%ln3z—0.55
1 1 A B c
. = ==+= 1=(A *+(B-2A4)z-2B,so A+C=B-24A=0
52 P s St et 3~ (A+C)z® + ( )z so A+
e 1 .
and —2B=1 = B=-3 A=—2% andC = ;. So the general antlderlvatlveofm—ls
do 1 fd 1 fd [ & :
x3 — 222 4 T 2) z2 4 ) z—-2
=—1ln|z| - 3(-1/z)+ tInjz - 2|+ C ., .
1 |z—2| 1 ~\[F

1 -2

We plot this function with C' = 0 on the same screen as y = gt
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dz du
tu=z—1
53'/172—230 /(a:—l 2-1 Juwr-1 [putu =z ~1]

-2

—l
2

|+o

1
\ +C [byEquation6] = -In z

u+1 2

54 (2z + 1) dz _l/ (8z + 12) dx __/ 2dz
") 4z2 4120 -7 4 ) 4z2+ 12z -7 (2 +3)2 - 16

d
%ln|4$2+121’—7|—/;§_u—16 [put u = 2z + 3]

= 1In|4e® + 12z — |—11n|(u—4)/(u+4)|+c [by Equation 6]
= 3 In|4z® +12¢ - 7| — §In|(22 —1)/(2z + 7)| + C
55. (a) Ift—tan(g) then%:tanﬁlt. The figure gives
T 1 dsin (%) = t Vi1 ,
cos(E)— s an s1n(2>~ e
E2
(b) cosz = cos(2~§) = 2c052<§) -1 2
1
2 42
:2< ! ) PR TR Sl
Vit 1+t 1+t
inz = si 2~£>:2sin(§)cos(£>:2 t ! = 2
sinz sm( 5 5 5 TSR ATE 118
T 2
(c)i—arctant = g = 2arctant = dz—mdt
. . 2 . 2t
56. Let t = tan(x/2). Then, using Exercise 55, dz = 78 dt,sinx = T e
/ dx _/ 24t/ (1 +t°) _/ 2 dt _2/ dt
3—5sinz J 3-10t/(1+¢t2) ) 3(1+¢2)—10t 3t2 — 10t + 3
1 1 3 1 1 tan(z/2)
== z(Injt — 3| -1 -1 = - ln|—F——F—
4/[t—3 3t—1]dt it =3] ~Inf3t —1) +C =7 ’3tan(m/2)—1 +0

57. Let t = tan(x/2). Then, using the expressions in Exercise 55, we have

/ 1 dx_/ 1 2dt _2/ dt _/ dt
3sinz —4cosz o 2t 4 1—t2\ 1+¢2 3(2t) —4(1 —2) ) 2t24+3t—2
1+ 2 1+¢2
dt 2 1 11 . . .
_/m '—/[Eﬁ 5t+2} dt [using partial fractions]

2t —
t+2

2tan (z/2) — 1
tan (z/2) + 2

:§[1n|2t—1|_1n|t+2|] +o——

‘ C:%ln

|+c

58. Let t = tan(z/2). Then, by Exercise 55,

/"/2 dz _/1 2dt/ (1 + t*) _/1 2dt
a3 Ltsinz—cosz  J, 5 1+2t/(1+12) — (1—12)/(1+1t2) ), y5 1+t2+2t -1+

| 1 1 1 V3+1
= —— ——|dt=|lnt—-In(t+1 =In=- —1n =1
/1/¢§[ t+1} [ ( )]1/\/5 2 "Bl 2
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59. Let t = tan(z/2). Then, by Exercise 55,
/ dz _ 1/ dz 1 2dt/(1+t?)
2sinz +sin2z 2/ sinz+sinzcosz 2 2t/(1+2) + 2¢(1 — t2)/(1 + £2)*

=3[ +(t12;—ft)((lit— =1/ e i/ (% * t) a

=il +3?+C=1m tan(3z)| + & tan®(3z) + C

60. 2> — 6z + 8 = (z — 3)2 — 1 s positive for 5 < z < 10, so

u—1
u+1

area‘/w dz —/7 L 3 =4
a s (x—32-1" 5 u2-—1 putu = |2

In§—3Ing=3(n3-2In2+In3)=In3-In2=1In3

|

1 2
o2t i 2 S 0for2< <350
rx—1 r—1

3
2 3
area:/ {1+m 1]dm:[m+2ln]m—l[] =(3+2n2)—(2+2In1)=1+2In2.
2 - 2

2
62. (a) We use disks, so the volumeis V = 7 fol [m} de = 7rf01 (:v—}—l)%ﬁ To evaluate the
x
1 A B C D
= + + =

integral, rtial fractions: = =
integral, we use partial fractions GTPETIE - T + i P ez T e ap
1=A(z+1)(z+2)°+B(z+2)>+C(z+1)*(z + 2) + D(z + 1)%. We set z = —1, giving B = 1. then

set z = —2, giving D = 1. Now equating coefficients of 2 gives A = —C, and then equating constants gives
1=4A4+4+2(-A)+1 = A=-2 = C = 2. So theexpression becomes
1 1
-2 1 2 1 T+2 1 1
V= + + + dr =m|2In - -
W/o L+1 (z+1)7° (z+2) (m+2)2} [ z+1l| z+1 :v+2L

=r[2md-§-3) - (@n2-1-}]=r(2m L2 +2) =r(Z+ I Y)

1 1
. d d
(b) In this case, we use cylindrical shells, so the volume is V' = 271'/0 #ﬁ—i—i = 271'/0 m
A B
We use partial fractions to simplify the integrand: T l)x(a: T2) =7 1 + P =

z=(A+B)x+2A+B.SoA+B=1and2A+ B =0 = A= —1and B = 2. So the volume is

oL, 2 2lnjz+2/]
7r/0 {m+1+m+2]dw—2w[~ln|x+1|+ nlz+ |]0

7(~In2+2In3+1In1-2In2) =27(2In3 — 3In2) = 27In

P+s A B
N e A QTS < - — A[(r—1)P— 8]+ BP = [(r — 1)A+ B P — AS
B PP § PTG np-s ~ PrI-Alr-DP-S+ [(r—1)A+ Bl
= (r—-1)A+B=1-A=1 = A=-1,B=r. Now

t:/P[(rljJ{)zSD 5] 4P = /[ Yy s}dp:‘ %+ri1/(r~T1;;—SdP
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T

sot=—InP+ In|(r — 1)P — S|+ C. Here » = 0.10 and S = 900, so

r—1
t = —InP+ %L In[-0.9P — 900| + C = —In P — } In(|~1|[0.9P +900])
=—InP — $1n(0.9P 4+ 900) + C
When ¢t = 0, P = 10,000, s0 0 = —1n 10,000 — s—l; In(9900) + C. Thus, C' = 1n 10,000 + % In9900 [~ 10.2326],

S0 our equation becomes

10000 1 9900
— _ 1 _ 1 — ? fnl

t=1n10,000 — In P+ £ 1n9900 — § In(0.9P +900) = In —5— + 5 In g o
_, 10000 1, 1100 _ 10000 1, 11,000
=0T T9t0iP+100 P 9 P+1000

64. If we subtract and add 2z7, we get

x4+1:m4+2$2+1—2m2=(z2+1)2—2x2:(12—}—1)2*(\/51‘)2

:[(m2+1)—\/§m][(m2+1)+\/§wJ = (:cz—\/é:r+1>(x2+\/§m+l)
Az + B Czx+ D

1
41 2242z +1 22—z +1
1= (Az+ B)(2® — vV2z + 1) + (Cz + D)(2® + v2z + 1). Setting the constant terms equal gives B + D = 1,

So we can decompose

then from the coefficients of 2> we get A + C = 0. Now from the coefficients of = we get

A+C+(B-DWV2=0 & [(1-D)-D]vV2=0 = D=1 = B=1 andfinally, from the

2

coefficients of z° we get v2(C — A)+ B+ D=0 = C—A:—% = Cz—ﬁgandA:-‘g.

So we rewrite the integrand, splitting the terms into forms which we know how to integrate:

1 Y4l . ~2z+1 [2x+2\/§ ~ 2x—2\/§]
zi4+1 2242241 22—v2z+1 4vV2|22+V2z+1 z22—V2z+1

V2 2m+V2 2z — V2

1 1 1
= p— +_
8 [:L'2+\/§:1:+1 :cz—\/iz-}—l] 4 (

+
2 2
1 1 1 1
:E+7§) +3 (:U—E) +3

Now we integrate:

/m4dj_1 = gln (gi—?ﬁi—ii) +j\i—§ [ta,n_1 (\/ix—kl) + tan™* (\/ixf 1)] +C.

65. (a) In Maple, we define f(z), and then use convert (£, parfrac, x) ; to obtain
f@) = 24,110/4879  668/323  9438/80,155 + (22,0982 + 48,935) /260,015
5z + 2 2z + 1 3z —7 z2+z+5 '
In Mathematica, we use the command Apart, and in Derive, we use Expand.
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®) [ Fle)do = 440 Linfse+2] - 85 Jinf2e 11— 28 dinfsz -7

1 22,098(x + 1) + 37,886
/ (:r: 2) + dz +C

* 260,015 (z+1)* + 19
24.110

= % 3 nl5z+2 - 8% S nf2z 4+ 1| — 0% - §Inj3z 7]

+W1015[22,098~%1n(x2+w+5)+37,886~ %tan-1< L (z+%)>}+c

19/4
= 4595 |5z + 2| — 22 n|2z + 1| — 2ME Inj3z — 7| + ALY 1y (52 4 5 4 5)

75,772 -1 1
T Z60015v/15 tA1 [ﬁ (22 + 1)] +C
Using a CAS, we get
4822In(5z +2)  334In(2z +1) 3146In(3z —7)

4879 323 80.155
11,0491n(z* + z + 5) 3988v19 \/E(2 +1)
260,015 260,015 19 \“*

The main difference in this answer is that the absolute value signs and the constant of integration have been
omitted. Also, the fractions have been reduced and the denominators rationalized.
66. (a) In Maple, we define f(x), and then use convert (£, parfrac, x) ; to get

Fa) — 5828/1815 _ 59.096/19.965  2(2843 + 816)/3993 (313w — 251)/363
(5z —2)2 S5 — 2 222 +1 (222 +1)2

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b) As we saw in Exercise 65. computer algebra systems omit the absolute

value signs in [ (1/y) dy = In|y|. So we use the CAS to integrate the
expression in part (a) and add the necessary absolute value signs and ) [ / \f ]

constant of integration to get

/f(x)dz _ 5828  59.096In|5z —2| & 2843In(22% +1)
~9075(5z — 2) 99.825 7986

503 . 1 1004z + 626
+15,972\/Etam (‘/5’3) 904 22211 ¢

(c) From the graph., we see that f goes from negative to positive at  ~ —0.78, then back to negative at z ~ 0.8,
and finally back to positive at z = 1. Also, lim;_,0.4 f(z) = 00. So we see (by the First Derivative Test) that
J f(x) dz has minima at ¢ &~ —0.78 and z = 1, and a maximum at z ~ 0.80, and that | f(z) dz is unbounded
as ¢ — 0.4. Note also that just to the right of z = 0.4, f has large values, so [ f(z) dz increases rapidly. but
slows down as f drops toward 0. [ f(z) dz decreases from about 0.8 to 1, then increases slowly since f stays

small and positive.

67. There are only finitely many values of z where Q(z) = 0 (assuming that @ is not the zero polynomial). At all other
values of z, F(z)/Q(z) = G(z)/Q(z).so F(z) = G(z). In other words, the values of F' and G agree at all

except perhaps finitely many values of . By continuity of F' and G, the polynomials F' and G must agree at those

values of x too.
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More explicitly: if a is a value of z such that Q(a) = 0. then Q(z) # 0 for all z sufficiently close to a. Thus,
F(a) = zh_r’I}1 F(z) [by continuity of F'] = z11_1’131 G(z) [whenever Q(z) # 0]
=G(a) [by continuity of G|

68. Let f(x) = az® + bx + c. We calculate the partial fraction decomposition of mﬁ% Since f(0) = 1. we

f(z) az® tor+1 _ A B C D E .
. - — el .N der f
must have ¢ = 1, so 2o+ 1) 2@+ 1) + 5+ 2+ 1 + EESIE + EESIE ow in order for

the integral not to contain any logarithms (that is, in order for it to be a rational function), we must have

A=C=0,s0az®+bzr+1=B(z+1)°+ Dz*(z + 1) + Ez*. Equating constant terms gives B = 1, then
equating coefficients of z gives 3B =b = b = 3. This is the quantity we are looking for, since f'(0) =b.

1.5 Strategy for Integration

1. /wd$:/<s1nx + secx)d:cz/(cosa:+cscz)dm=sinz+ln|cscz—cotm|+0
tanxz tanz  tanz

2 /tansgd‘g:/(secze_1)tan9d9:/tanﬁsec26’d0—/SmZdQ
COs
/Udu‘i‘/éy u = tand, v = cos¥,
v |du=sec’0dd dv=—sinfdl

1u? +Infv| 4+ C = } tan® 0 + In|cos ] + C

g “12(u+3) /2 6 6]"
3- —dt - —d :t— N = g —_ JE— — P
/O (t—3)° /_3 " u [u 3, du = dt] /_3 <u + u2> du [2ln|u| u] .

=(2In1+6)— (2In3+2)=4—2In3ord—In9

dzx U 1. 3 u 1 z?
4. Letu =z Thendu =2zdz = /———I—:—/—z—sinl— =—sm1—+C’
V3—zt 2 V3—-u2 2 V3 V3
a.!ctan y /4 /4 /4 /a
5. Let w = arctany. Then du— = / / e'du=[e"]"", =" —e ™"
y? y L+y? —n/4 (124
—z. dv= tz dz.
6./a:csc:cc0tacdx w=e v = csczcotzdz =-—zcscz — [ (—cscz)dx
du=dr wv=—cscz

= —zcscz + In|cscz — cotz| + C

3 w=Inr, dv=rtdr 3 3 3
: 1 1 243 1
7./ r*lnrd = |=rd] _ —pt =< 75
) rdr l:du dr v 1r5 } L_)r nr : : 51" dr In3—-0-— 25

_ 243 (243 1\ _ 243 242
=5"In3 (25 25)_ In3 - 5¢
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z—1 _ z—1 A B -4 . .
'a:2—4m—5_(z‘—5)(m+1)_m—5+x+1 = z—1=A(z+1)+ B(z —5). Setting z = —1 gives

—2=—6B,so B = 3. Settingz = 5 gives 4 = 64,50 A = 2. Now

4 4
z-1 2/3  1/3 4
/0 22—z 5" /0 <m—5+z+1>dx [3mle 5|+31n|“’+1|]0

:%lnl_i"%ln5_%ln5—%ln1:—%ln5

z—1 (z—2)+1 u 1
9. ~—~—d = ——d = — = —_ =
/x2—4z+5 ‘ /(m—2)2+1 ‘ /(u2+1+u2+1)du [u== =2 du=ds]

=3I’ +1)+tan"'u+C = LIn(2® — 4z +5) + tan Yz - 2) + C

U

1

T 5 du 1 u
10 | ———————de = | —2— = 22 = I L
/z4+$2+1dac /u2+u+1 [u =z, du = 2z dz] 2/(u—l—%)2+%

1 Agdv 1 _ 3 Ve V3 4 dv
—:2-/'%(1}2—+1) [u+5—2v,du—2dv] Tg

= %tan_lvﬁ-C: %tan‘l(%(wz + %)) +C
11. [sin® 6 cos® 0df = [ cos® fsin®fsinddf = — [ cos® 6 (1 — cos? 6)(—sin §) df
= cosf
(1 u = cos b,
Jw (= u)du du = —sinf df
=f(@w —v)du=tu® - tu®+C=1}cos!—Lcos®0+C
Another solution:
[ sin® 0 cos® 0d6 = [ sin® 6 (cos® 0)® cos§df = [ sin® 6 (1 — sin 0)? cos 6 d
u = sin,
du = cos 6 df

=f(u3—2u5+'u,7)du=%u4—%u6+%u8+C=%sin40—%sin66‘+%sin86+0

= [u3(1—u?)?du [ } = [u®(1—2u® +u*)du

12. Let u = cosz. Then du = —sinzdzx =
[ sinz cos(cosz)dz = — [ cosudu = —sinu + C = —sin(cosz) + C.

13. Let z = sin 6, where —3 < 6 < . Then dz = cos 6 df and

(1 —z*)Y? = cos b, so 1

dx [ cosfdb 2
[ T = [ Gt = [0 G .
:t p—
=tan0+0=ﬁ+0 1—x

14. Letu = Inz. Thendu =dz/z =

/——Hln‘”dm:/——l”du:/ “—2vdv [putv =vI+uu=0>—1du=2vd]
u

zlnzx v2 -1

1
:2/<1+v2_1>dv:2v+ln

15. Letu =1—22> = du= —2zdz. Then
1 341

vz,
L e
/0 V1—2z2? 2J)1 Vu

v—1 V1i+lnz—-1
C=2Vl+hrz+In| — | +C
”"‘1‘—*— ne n(\/1+lnz+1)

1 1
:1/ u*l/zdu:%[Qul/z] Z[\/a];/4:1—3§
2 Jaa

3/4
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V2/2 2
16. / __”” / sin” 0c s0d9 [z =sinf. dz = cos 6 db]
= [ 1(1 —cos20)d0 = 1[0 —1sin20]7/ = 1[(3-1) - (0-0)] =% -}
17 in?zd U=, dv = sin® z dz,
+Jsin’ o de du = dzx v:fsinzzdmzf%(l—cos%:)d:r: ém— %sinxcosw
=1z? — Jzsinzcosz — [ (32 - 3 sinz cosz) dz
= %xz %xsmxcosx— L2 + —sm 2z4+C= —:1:2 — §ws1n:1:cosx+ Lsin $+C

Note: [sinzcoszdr = [sds=4s°+C [where s = sinz, ds = coszdz].
A slightly different method is to write [ zsin?zdz = [z -1(1 —cos2z)dz = § [zdz — 5 [ zcos2zdx. If we

evaluate the second integral by parts, we arrive at the equivalent answer %xQ - im sin 2z — 5 cos2z + C.

18. Let u = €2, du = 2%t dt. Then

_e* 3(2¢*) dt 3du 1. 1 1. 1,2t
/1+e4tdt_/1+(e2f)2_/1+u2_§tan utC=gtan (e +C.

19. Letu = €. Then fez+e$ dw:feezezdz:fe"duze“-FC’:eex +C.

20. Letu = ¥z. Thenz =u® = fe‘%dz:fe“~3u2du.N0wusepans: letw=u? dv=e"du =

dw = 2udu,v =e* = 3 [e*u’du=3(u’e* — 2 [ue"du). Now use parts again with W = u,
dV =e*duto get [e*3u’du = e*(3u® —6u+6) +C = 36%(12/3 —2 e/i+2) +C.
21. Integrate by parts three times, first with u = 3, dv = e 2" dt:
[tPedt=—-1t%"" + 1 [3t%e 2 dt = —1t3e™ — 3¢ + 1 [3te > dt
= —e H[16° 4 3¢%) — 3pe +§/e‘2‘dt =—e [+ 3+ 3+ 8 +C
=-1e(4t® +6t° +6t+3) +C

22. Integrate by parts: u =sin"'z, dv =zdzr = du= (1 /\/1 . mz) dz,v = %mz, SO

. 1 z* dx - 1 [ sin® 6 cos6df where = sin 6
zsin~' zdr =1 = Llz2gin~! __/____
/ 1% sin~ / T3 — 2% Sin T3 po for —T<f<x
= %xQSin g -1 1/ (1 —cos20)df = 1z°sin" 'z — (8 —sinfcosh) + C

:%wQSin lx—l[sm lez\/l—mZ]-}-C:A—ll[(%: —l)sm T+ T 1—3:2}+C'

23. Letu=1+4+/z. Thenz = (u—1)%,dz = 2(u — 1) du =

fol(l—{—\/i) d:r—fl u—l)du—2f1 (u® —u®) du = [Lu'® 2-%u9]f
L I RE
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2 Letu=In(z? —1).dv=dz < du:xf—fl-,v:m Then
/m(m%l)dm:xln(m?—l)—/ 2a” dz:xln(mhl)—/ 0r— 2 la
z? -1 (z—1)(z+1)
—zln(mz—l)—/ 2+ L1 dz
r—1 =z+1
=zln(z®-1)—2z-In|z — 1|+ Injz+ 1|+ C
3z® — 2 6 + 22 A B
5 — =34 ——"" = 2 _ _ 4) Setti
po s V- +(w—4)(m+2) 3+$_ + 212 = 6x+22= A(z+2) + B(z — 4). Setting

T =4gives 46 = 6A,s50 A = 353- Setting x = —2 gives 10 = —6B,s0 B = —%. Now

2-2
/xffzz—sdmz/(“?_—/i 5432>dm—3x+231n|m_4, Shnjz+2[+C.

3z% — 2 du u=2>—-2z -8
2. D —— = _— ’ = :l 3— —_—
6/w3—21—8dz /u [du:(3x2—2)dac} Infu|+C =In|z® - 22— 8| +C

2]. Letu = In(sinz). Thendu = cotzdz = [cotzIn(sinz)dz = [udu = 1u® + C = }[In(sinz)]* + C.

28. fsin\/adt:fsinu~%udu [u = Vat, u? = at, 2udu = adt] =2 [usinudu
:%[—ucosu+sinu]+c [integration by parts] :—— tcos\/_—-i-—sm\/_—}—C

:—2\/gcosx/a+% sinvat + C

5 5
3w—1 7 5
. - L - —71
29/O s dw /0 <3 w+2>dw [3w 7n\w+2|]0

=15-7In7+7In2=15+7(n2 —In7) = 15+ 7In 2

30. 2> — 42 < 0on[0,4], so

f_22 |¢* — 4z| dz = ff2(m2 —4zx)dr + f02 (4z — 2%) dz = [; S ]0 + [29:2 - —31-363](2)

—0- (3-8 +(E--0=16

31. Asin Example 5,

/ /1 / 1+ac 1+md _ 1+z d:c—/ dx + rdzx
\/l—z Vitzx V1—2z2 V1 —x? V1 — 22
=sin"lz—1-224+C

Another method: Substitute u = /(1 + z) /(1 — x).

=2z —1,22+3=u?+4,

u?2 =2z — 1, udu =dz

32./\/2m—1dx:/u~udu

2z +3 u? 44

:u—4~étan71(%u)+C:\/2m— ~2tan71(% 2x—1)+C
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33.3-2z-22=—(a®+2x+1)+4=4— (z+1)% Let
z+1:2sin0,where—§SGS%.Thendz:2c0s0d9and )

[vV3—2z—2%de = [\/A— (z+1)2dz = [ /4 —4sin®02cos0df

x+1

— 4 [ cos?0df =2 [ (1 + cos 20) df 6 N
—(x+1

=20 +sin20 + C =20+ 2sinfcosf + C _ - )2
—\/3—2x—x

o—afztl z+l V3-2z-—2?

= 2sin ( 5 >+2 5 5 +C

:QSin‘l<£+—1>+$+1v3—2x—$2+C

2 2
” /"/21+4cot:c _/"/2 (1+4cosz/sinz) sinz d _/"/2sin:c+4cosxdx
" Jaja 4—cotz ~ Jrsa | (4—cosz/sinz) sinz ~ Jrjs 4sinz —cosz

4 u =4sinz — cosz, 4
Zdu : = [ln|u|]
3/v/3 U du = (4cosz +sinz) dz 3/V2

3 4 4
=lnd—-In—=In——==1In —\/5)
V2 3/V2 (3

35. Because f(z) = % sin z is the product of an even function and an odd function, it is odd. Therefore,

[} a¥sinzdz =0 [by (55.7)(b)].

36. sin4z cos 3z = 1(sinz + sin 7z) by Formula 7.2.2(a), so

[sindzcos3zdzx = 1 [(sinz +sin7z)dz = [~ cosz — % cos Tz] + C = — cosz — 35 cos Tz + C.

/4

37 [7/* cos® Otan® 6 df = O"/4sin20d0= 0”/4%(1-—c0s29)d9= (30 — §sin20]]

0
=(G-9-0-0=5-4

u = secf

38. f0"/4 tan® 6 sec® 0 do = 0”/4 (tan® 9)2 sec? @ -secftanfdb = fl‘/i(u2 —1)*u? du d 0 tan 0.0
u = secftan

V2
1

— (V2 VI 3D - (-3 +1) = VI s = R(1VE-4)

39. Letu =1 — 22 Thendu= —2zdz =

= fl\/i(ufS —2ut +u?) du = [%U'T _ %u5+ %us]

zdz _ 1 du vdv _ s _
/1—9:2+ T—z2 2/u—+—\/ﬂ_ 1o [v = Vu,u=v* du=2vdv]
dv
. = — = — — 72
5 =-hlv+1+C ln<\/l z +1)+c

0. 4y — 4y -3 =(2y—1)*>-2%soletu=2y—1 = du=2dy. Thus,

/ dy :/ dy _l/ du
VAay? —4y —3 VQ@y-12-22 2/ u2-22

= % In ’u + Vu2 — 22 } [by Formula 20 in the table in this section]

:%ln‘Zy—1+\/4y2—4y—3‘+C
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M. Letu=06,dv=tan’0df = (sec’d — 1)dd = du=dfandv=tand — 6. So

[ 0tan®6df =6(tand — 0) — [(tand — 0) d6 = Htan 6 — 6% — In |sec 6] + 16>+ C
=0tand — 16> — Insec| + C

42. Integrate by parts withu = tan™' z, dv = 2®de = du= dz/(1+ $2), v =

3
2, -1 _ 1.3, -1 e dr 4 o3, 1 1 z
/m tan” " zdz = 3z” tan m—/?1+m2—§m tan m—g/[m~m2+1}dm

= §x3 tan"'z — ém2 + 3 ln(ar:2 +1)+C

43. Letu = 1+ e®, so that du = e® dz. Then
JeeVT+erd = [u?du= 202 +C = 2(1+¢°)%? 4 C.
Or: Letu = /T + €%, so that u? = 1 + €® and 2udu = €* dz. Then
JeVI+erds = [u-2udu= [2u’du=2u*+C=2(1+¢")%? +C.

44. Letu = /1 +e®. Thenu® = 1 + €%, 2udu = e dz = (u? — 1) dz, and dz =

U
5 du, so
u? —1

2u 202 2 1 1
/\/1+e dw—/u~u2_1du—/u2_1du~/(2+u2_1)du—/<2+u_1—u+1>du

=2ut+lnju—1]-Infu+1/+C=2/1+e*+In(vVI+e*—1) —In(vVI+e=+1)+C

85. Lett = z°. Thendt =3z’dz = I= 2e™™ dz = 1 [te™* dt. Now integrate by parts with u = ¢,
dv=e"tdt: I =—%te "+ % Jetdt= —éte't — %e_t +C = _%6_13 (a:3 +1)+C.

46. Letu = e®. Thenz = lnu,dz = du/u =
z
/1+e do — (1+u)du:_/(u+1)du=_/ 2 1 du
1-e® (1 —-wu (u—1)u u—1 wu
=In|u| - 2Inju— 1|+ C =Ine* —2In|e" - 1|+ C =z —2In|e" - 1|+ C

z+a 1 2z dr dz 9 2 1 ~1(Z
47'/12+a2dm_§/m2—+a?+a. Zra 2@ e ra Ctan (a)+c

=Inv22 +a? +tan"!(z/a) + C

48. Let u = z°. Thendu = 2zdz =

zdr 1 du —Lln
x4t —at u27(a2)274a2
8. letu=+Az+1 = uv>=4z+1 = 2udu=4dz = dz:%udu.So

1 Ludu du
/:1:\/492—!-1 ‘ /%(u2—1)u u? —1 (z)In

| Vdr+1-1
= n| -
Vdr+1+1

’lL*CI,2

u + a?

.’B2—a2

m2_|_a2

+C:—1—ln

1 +C.

u—1

u+1

' + C [by Formula 19]

+c
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—udu du
50. Asin Exercise 49, letu = v/4z + 1 Then/ﬁm / % ]2u :8/(u2_—1—)2-'N0W
1 1 A B C D
= = + + + =
(w?—1?% (@w+1)2w-1>* u+l (u+1)? u-1 (u—1)
1:A(u+1)(u—1)2—|—B(u—1)2+C(u—1)(u+1)2+D(u+1) u=1 = D=3 u=-1 =

B= %‘ Equating coefficients of u® gives A + C = 0, and equating coefficients of 1 gives 1 = A+ B—C + D

= 1=A+;-C+; = 1=A4-C.S0A=7andC = —;. Therefore,
— 1

1/4 1/4 1/4 /4) ]du

dx
—— =3 + +
24z +1 / {u—kl (

u+1)2  u—-1 (u—1)2
2 -2 2 -2
= _— —_— — 2 —
/{u 1+2(u+1) u—1+ (u—1) }du

2
=2nfut 1] - Ty 21| O
2

2
=2In(Viz +1+1) - —— —2In|vdz+1-1| - ——+C
n(viz R ) | Vs
51. Let2z = tanf = x = %tanﬁ, dz = %sec29d9. V4z? + 1 = sec, so

5 sec” 6df _ seceda_ 046
/w\/4w2+ /—tan@sec& /tan@ _/CSC

= —Injcscf + cot | + C [or In |cscf — cot 0] + C]

I\/4w2 Vaz? +1 __1_‘_'_0]
2x

2x

2 ‘-l-C {orln

52. Letw = z°. Thendu = 2zdz =

dz _ zdz 1 du 1 1w . N )
/w(w4+1)“/x2(w4+1)‘2/u(u2+1)“2/[u u2+1}dU—2lnlul i’ +1)+C

1 z*
=lln(m2) — iln(:lc4 +1)+C= i[ln(z‘l) —ln(w4+1)] +C = Zln<m4+1) +C

3
Or: Write I = / _odz and let u = 4.
z4(zt + 1)

[ u = z2, dv = sinh(mz) dm,}

53. /z2 sinh(ma)dx = ixz cosh(mz) — 2 /azcosh(mx) dz
m m du = 2z dz v = i cosh(mq;)

U =z dV = cosh(mz)dz,
dU =dz Vv = Lsinh(mz)

1, 2 . 1
-1 h _4( L
x” cosh(mz) < z sinh(mz) [ sinh(mz) dm)

1, 2 2
=z cosh(mz) — oL sinh(mz) + pooe cosh(mz) + C

54. [ (z +sinz)® dz = J (2* 4+ 2zsinz + sin® z) dz = $2® + 2(sinz — zcosz) + % (z — sinz cosz) + C

1.3 . :
=3z + éx+2smm~ %smmcosa:—?zcosm—f—c
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55. Letu = vz + 1. Thenz =u? -1 =

/ d _ 2udu _/ -1 + 3 du
z+4+4vVz+1 J u2+3+4u u+1 u+3

=3lfu+3[-Infu+1/+C=3In(vVz+1+3)—In(vVz+1+1) +C

5. Lett = /22 — 1. Then dt = (z/V/z? — )dz,2® - 1=t z=+ 11,50

1
/ 2T Invt2 4 1dt = /ln (t* + 1) dt. Now use parts withu = In(t* + 1), dv = dt:

2
I:%tln(t2+1)—/t2t+1dt:%tln(t2+1)—/[1 tzil]dt

:%tln(t2+1) —t+tan"lt+C = VzZ—1lnz—+vz2—1+tan Va2 —1+C

Another method: First integrate by parts with u = Inz, dv = (z/v/z? — 1) dz and then use substitution

(x =secOoru=+zZ—-1).
57. Letu = Yz +c. Thenz=u®—¢c =
Jz Yzt cde=[(uv®—c)u-3u? du=3/[(u® Acug)du=%u7—%cu4+0
:%(w+c)7/3~%c(w+c)4/3+0
3

58. Integrate by parts withu = In(1 + z),dv = 2°dz = du=dz/(1+z),v= sz’

/z2ln(1+m)dx:%x31n(1+m)—/3(301—3:%%——x In(l+z) — 3 <m —m+1—$—+1-
=1z’n(l+2)-La® + 42— lz+ Il +2)+C
589. Letu = e”. Thenz = lnu,dz =du/u =
/ de__ _ [ du/u :/ du :/[ /2 1 1/2 ]du
e —e® ud —u (u—-1u?(u+1) u—1 w? w4+l

1 e’ —1
= -z —_
+C=e +21neaC 1‘+(7

-1
+1

60. Let w = ¥/z. Thenz = v®, dz = 3u’du =

2
/xfm\/_:/Su du_ /2udu_§ (u2+1)+C 3ln(w2/3+1)+0.

ud +u u2+1 2
61. Let u = z%. Then du = 5z*dz =

_atde 3 du =1 . ltan™'(u)+C= L tan"'(12°) + C
z0+16 | w2116 5 14 an (gu = 30 1 :

62. Letu =z + 1. Thendu =dz =

3 _1)\3
/(—fl)—ﬁdm:/(uu—ml)-du:/(u_7—3u_8—|—3u_9—u_10)du
T

=—tu 4 37T~ Sy +1u79+C

6

=(@+1)°[-i@+1)’+2@+1)’-S@@+1)+ L] +C
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1
63. Lety = \/z so thatdy = ——mdm = dr =2+/zdy =2ydy. Then

2V

=2 2, dU:eydy,
N R = [ 24°%¢¥ s
/\/Ee dm—/ye (dey)_/Zy e’ dy [du:4ydy ]

v=c¢e?

U=4y, dV =¢€Ydy,
= 2y2ey — /4y€y dy [dU — 4dy V =e?

=2y2e¥ — (dye¥ — [ 4e¥ dy) = 2y°e¥ — dye? +4e¥ +C
=202~ 2 +2)e? +C =2 -2z +2)eV*+C
64. Let u = tanz. Then

n/3 /3 V3
/ ln(tan z)dz :/ In(tan x) sec? 7 dz :/ Inu du
x/4 SIDTCOST x/a tanz 1 U

1

65'/\/Fd1x+\/5:/<\/z—+i+\/5'\/\/§:£)dzz/(m_ﬁ)dz
:%[(m%l)sﬂ—x”?}vLC

s § 11 1
66. u t1 du = 1+u_+_1___ du =u+ 2 11 du =u+2Inlu—1]-Infu|+=+C.
( u u? u

ud — u? u— 1)u?

= [%(lnu)Q]ﬁ = %(ln \/5)2 = %(ln.?))2

Thus,

3

e . 1 - (2+2In1-In2+ 3
, u3ﬁu2du: u+21n(u—1)—lnu,+a 22(3+2n2—ln3+§)—( +2In1—In2+ 1)

=143In2-m3-2=2+In}

67. Letw = /& Then du = dt/(2Vt) =

3 V3
irct%_\[f dt = / tan™'u (2du) = 2[utan"'u — § In(1 + u?)] I/E [Example 5 in Section 7.1]
1 1
=2[(V3tan~' V3 — 11n4) — (tan™'1 — $1n2)]
=2[(vV3-2-I2)— (5 -1In2)] =2V3r— r—In2

68. Letu = €®. Thenz = Inu, dz = du/u =

/ dzx _/ du/u _/ du _/ 2/3  1/3 du
1+22—e= [ 14+2u—1/u ) 2u24+u—-1 J [2u—-1 wu+1

=3In2u—1]-Inju+1]+C = 3In|(2" —1)/(e" +1)|+C
69. Letw = €. Thenz = Inw, dz = du/u =

e u? du U 1
d = _— = = 1——
/1+ex v /1+uu /1+udu /( 1+u>du

=u—In|l+u/+C=€"—In(l+€°)+C

70. Use parts with u = In(z + 1), dv = dz/z*:

In(z+1) 1 de. 1 1 1
_/ x? de = zln(x+1)+/m(z+1)_ mln(z+1)+/[x z—}—l}dm

=—lln@z+1)+Injz|-In(z+1)+C=—-(1+2)In(z+1)+Infz|+C
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n z _ T _Az+B  Cz+D
44422 +3 (22 +3)(z2+1) x2+3 z2 41

z=(Az + B)(2” + 1) + (Ca + D)(z® + 3) = (Az® + Bz® + Az + B) + (C2® + Dz’ + 3Cz + 3D)

=(A+C)2® + (B+ D)2’ + (A+3C)z+ (B+3D) =

Il

A+C=0.B+D=0,A+3C=1,B+3D=0 = A=-iC

/;dx_/ 3% 3%\,
x4 +4z24+3 7 243 241 a:

1 22 +1
:-iln(m2+3)+%ln(:c2+1)+0 or Zln<m2+3>+c

1.B=0,D =0. Thus,

72. Letu = ¥/t. Thent = u®, dt = 6u®du =

\/{dt u3~6u5du ’LLS 6 4 2 1
1+%: 1w :6/md":6 (u —u +u" -1+ )du

:6(%u7 — _15u5 + %us —u+tan™? u) +C

:6<%t7/6 _ éts/s + %tuz _41/8 +tan—1t1/6) +C

73 1 A Bz +C
" (x—2)(z2+4) -2 z24+4

1=A(z>+4)+ (Bz+C)(z —2) = (A+ B)z? + (C — 2B)z + (4A—2C). So0 = A+ B = C — 2B,

1=4A-2C. Settingz =2gives A=43 = B=-3andC=-1 So

/_i_dx_/ 8 T8 d\, 1 [ de _i/dew_l/ dz
(x —2)(xz2 +4) z—2 2244 ) 7 8) z-2 16) x2+4 4) 22+4

=3ilnjz -2/ - &% In(z® + 4) — étan—l(a:/Q) +C

1. Letu =e”. Thenz = lnu,dzr = du/u =

" dzx _/ edxr u d_u_/ du —lln
ee—e= Je—-1 J w2-1uw Juz-1 2

15. [sinzsin2zsin3zdz = [sinz - 3[cos(2z — 3z) — cos(2z + 3z)|dz = § [ (sinz cosz — sinz cos bz) dz

=1 [sin2zdz — % [ 1 [sin(z + 5z) + sin(z — 5z)] dz

u—1 1, (le® -1
u+1|+C’—2ln(ez+1)+C.

= —§cos2zx — ; [(sin6z — sindz)dz = — % cos 2z + 3 cosb6z — & cosdz + C

76. [ (z* — bz)sin2zdz = — 3 (2* — bz) cos 2z + 1 [(2z — b) cos 2z dx
[u = 2% — bz, dv = sin 2z dx, du = (2z — b) dz, v = f% cos 2]
= —5(z® — bx) cos2z + 3 [3(2z — b) sin2z — [ sin 2z dz]
U =2x —b,dV =cos2zxdz,dU =2dz,.V = %sin2:c]
= —1(2® — bz) cos2z + 1(2z — b) sin2z + 1 cos 2z + C
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77. Letu = 2°/2 so that w? = z® and du = %mlﬂ dr = +zdz= %du. Then

vz _ 3 2. 2, 1,372
/1+I3dx~ 1+u2du—§tan u—}—C—gtan (=) +C.

78 Sec T cos 2z d secx cos2r 2cosx d 2cos 2z
sinx + secx sinxz +secr 2cosx 2sinx cosx + 2

. 2cos2x de — ld u = sin 2z + 2,
=) sn2z+2 T ) ™ du = 2cos 2z dz
=In|u| + C =Inlsin2z + 2| + C = In(sin2z + 2) + C

79. Letu = z,dv = sin®zcoszdzr = du=dz,v= %sin®z. Then
3

) 1,83, (1l 3 1.3, 1 _ 2 .
[zsin®z coszdz = jzsin®z — [ ;sin’zdz = jzsin®z — 5 [(1 - cos®z)sinzdzx

_ 1 ) y = cosz,

= — - 1_" d
gosin w+3/( y)dy [dy:—smmd:v}
1

— Logind 1, 1,3 — Loqind 1 — 1083
=3Tsin" T+ 3y — 5y +C = 3zsin”z + 3 coszT — 5 cos z+C

80 / sinz coszx do — / sinx cosz do — / sinz cosx dz
") sin*fz+costz ) (sin?z)24 (cos?2z)?2 ) (sin?z)? + (1 —sin®z)2

/ 1 1 d u=sin?z,

=) —————(zdu
w2+ (1—u)?2 \ 2 du = 2sinz cos z dz
1 1

= —_— d =

/4u2—4u+2 “ /(4u2—4u+1)+1d"

/ 1 du:;/ 1, y=2u—1,
(u—1)2+1 2) 1% dy = 2du

= %tan_ly-i—C’ = %tan_l(Zu -1)+C= %tan_1(2sin2x -1)+C

I

Another solution:

/ sinx cosx dx:/( (sinz cosz)/ cos* dm:/tanwseczw

- - T 5 ar
sin® z + cos? z sin® z + cost )/ cos? z tanz + 1
1 u = tan’z,

1
= ——|(zd
/u2+1 (2 u) [du:?tanxsec2:cdz]

=1tan"'u+ C = Ltan"!(tan’z) + C

81. The functiony = 2ze®” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.
f(2z* + 1)e*” do = f2$26x2d.'1,‘ + feEQda: = fm(2me"2)d:c + feIQd:c

2
2 2 2 u==zx, dv=2ze® dx 2
— z© a:d xd > i — x
e Jedzt [ da l:du:dm v=e" :| et +C
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1.6 Integration Using Tables and Computer Algebra Systems

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms
of the answer.

1. We could make the substitution u = \/ix to obtain the radical v/7 — u2 and then use Formula 33 with a = \/7

Alternatively, we will factor v/2 out of the radical and use @ = %

/\/7_2T \/_/ n\/- \/_—sm 1.z +C

(MR

—;\/7—2m2—\/§sin_1(\/gm) +C

2
/\/3—25 /\/T‘ 3[———)5(—2m—2-3)\/3+(—2)m}+0
=3(-22-6)vV3-2c+C=—(x+3)vV3-22+C

. Letu=nmr = du=mwdz, so

N

[ sec®(nz)dz =L [sec® udu 7—-' % (3secutanu + % In|secu + tanu|) + C

= - secTztan T + 5 In [secz + tan7z| + C

20
4. / sm30d9——+¥(2sin39—3cos30)+02—2~ sm39~*e2ecos30+C

2 /1T _ 2 1
5/2:1:c0s mdt—2{2m4 1cos_lzc—z—-—lél—m—] =2[(3-0-0)—(-2-2-0)]=2(3)=1%
o 1

(=4
4;
8
m
Q.
8
|
—
o
—~~
=
IS
S—
[N
-
S
[
|
N
VR
U
S
N——
B
|
[S]
8
U
S
|
[ 3]
U
8,

1. By Formula 99 witha = —3 and b = 4,
-3z —3z

~3z — € — 1 = ¢
/e cosdz dxr = S (—3cosdz + 4sindz) + C 55

8. Letu = z/2, so dz = 2 du. and we use Formula 72:

(—3cos4z + 4sindz) + C.

Jesc®(z/2)dz =2 [ csc® udu = —cscucotu+ Injescu — cotu| + C
= —csc(z/2) cot(z/2) + In |csc(z/2) — cot(z/2)| + C
9. Letu—Qw and a = 3. Then du = 2dx and

1 5 du du % ., Va?+u?
,/ =2 —/—‘—Zf‘zT"'C
1:2 4:52 m u2 a2+u2 a‘u
[Az2 2
:,2_490_++C:___W493+9+C

9.2z 9z
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10. Let v = v/2y and @ = /3. Then du = V2 dy and
/ \/Qy—— /m dw _ s / m
42f< ye - o +ln|u+m[>+C
_f< N +1n|fy+¢zy——y)+o
- ~———V2y;“°’ +ﬁln{\/§y+\/zyz*-3| e

1
-1)

0 97 | 1 0 2 —t —t ~]°
1. t*e~tdt 2 [the_t] - = te dt=e+2 te dtZe+2 5(—t—1)e
-1 -1 -1

—1 -1

:e—|—2[—60+0] =e—2

12. Let u = 3z. Then du = 3dz, so

J 2% cos 3z dx = 7 [u*cosudu & 7 (u?sinu — 2fusinudu)
z”sin 3z — 2 (sin3z — 3z cos 3z)+C

=3 [(9z —2) sin 3z + 6z cos 3z + C

Thus, [" 2 cos 3z dx = 7 [ (92* -2) sm3:c+6mcos3a:] = 5:[(0+67(-1)) — (0+0)] = 27 = _291'
tan3 u=1/z,
13./L(21/z).dz 2 :—/tansuduf—g_ltanQ’u,—-h’lICOSul‘i-C
z du = —dz/z 2

1 of 1
= ——t -
3 an (z) In

14. Letu = \/z. Then u? = z and 2u du — dz, so

_ VI =2
/sin_lﬁdz=2/usin 1uduﬂgu2 lsin“lu+u+0
:21'—1 . _1\/_+\/:v(1—z)+c

2 2

cos(l)'+0

15. Letw = €”. Then du = €% dz, so J €®sech(e®) dz = [ sechudu ¥ tan™![sinhu| + C' = tan~'[sinh(e”)] 4 C

16. Let u = 2, 50 that du = 2z dz. Then
/wsin(x2) Cos(3m2) do =1 /Sinucos Sudu ¥ 1 \COS(I —3u 1 \Cos(l +3)u
2. 2 2(1~3) 2 2(1+3)

= §cos2u — 76 cosdu + C = ¢ cos(22?) — 75 cos(4z?) + C

+C
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17. Letz =6 +4y —4y> =6 — (4° —dy+1)+1=7— (2y — )%, u =2y — 1,and a = V/7. Then z = a® — u*
du = 2dy, and ’
[yV/6+4y—42dy = [yvzdy= [ 3(u+1)Va® —u? ;du
=1 fu/a—w?du+3 [Va®—uldu
=1[Va?—u?du— 1 [(—2u)Va? —u?du

u 2 _ 2 2
ggm+98—sin_l<%)—%/\ﬂ;dw [w—a —u,}

2y —1 7 2y—-1 1 2

= foray 42+ —sin Y — 2.2

8 Y Y 8 n 7 3 3w +C
2y -1 L 2y—1

7
=3 6 + 4y — 4y? + ¢ sin —1—(6+4y—4y2)3/2+0,

8 Vo112
This can be rewritten as

1 1 7 2y — 1
oy = A |22y~ 1) — = (6+4y — 47)| + zsin T
y—4y 8(y ) 12(6+ Yy 4y)]+8sm 7 +C

1, 1 5 7 2y —1
— | = = _ 2 bt
(3 12 8) 6+4y — 4y* + gsin ( V7 ) ¢

1 7 2y — 1
:2—4(8y2—2y—15) 6+4y—4y2+§sin_1(y >+C

S

18. Let w = z2. Then du = 2z dz, so by Formula 48,

/_“”_S_dw_:l/ u? du:%.%{(u+\/§)2—4\/§(u+\/§>+4ln’u+\/§”+C

242 2) ut+V2
[(w +\/_) ~4v2(a? +V2) +41n(s” +\/_)]
— 1ot~ Lo +1n(a? +v2)+K

Or: Letu = 22 + V2.

19. Let u = sinz. Then du = cos ¢ dzx, SO

2+1
/sin2m cosz In(sinz) dz :/u Inudu = Z2“—_}_—1—)5[(24-1)1nu—1]+C’= %u3(3lnu— 1)+ C
= Lsin® z[3In(sinz) — 11+C

20. Letuw = €°. Thenz = Inu, dz = du/u, so

__dL:/ﬂ/u, /_,du_g,lmn
e=(1 + 2e%) u(l + 2u) u2(1 + 2u) u

=—e *+2In(e”” +2)+C

1+2u\+c
u

21. Letu =€ anda = /3. Then du = e” dz and

e’ do — du E—l—l u+a
3 _ g2 =] @2 w2 2a |u-—a

e +/3
ez—\/g

1
C=—=1
+ 2\/§n

|+c
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22, Letu = z? and @ = 2. Then du = 2z dz and

2 2 1 4
/x3 4x2—m4dm=%/ m2\/2-2-x2—(12)2-2mdw:5/ uy/ 2au — u? du
0 0 0
2 9.2 3 _ 4
w2 =+ % cos (L)
12 4 a
2

0

2 _ _ 9 _ 4
~ [ - 2u—12 12; 12m+§c0s_1( u)]

2 0
4

_ {%ﬁ.@ - 2cos"1<2;u>}
0

=[0+2cos™!(=1)] - (0+2cos 1) =2-1—2-0=2r

77 77
23. fsecsxdm = itanxsec%c—k%fsecsxdm = %tanxsecam-l- %(%tanmsecm—{- %fsecxdm)

=

jtanzsec’ z+ 3 tanzsecz + £ Infsecz + tanz| + C
24. Let uw = 2z. Then du = 2dz, so

fsin62mdm:%fsin6udu B %(—ésinsucosu%—%fsin‘ludu)

B 1.5 5 1.3 3 [ain2
= —1zsin” ucosu + 35 (—1 sin ucosu+ 5 [ sin®udu)

63 5 .
= —ﬁ sin® u cosu — %%m?’ucosu—l- i(lu— lsm2u) +C

5
=—12 sin” 2z cos 2z — 458 sin® 2zcos2w——sm4m+ 16az:-i—(]

25. Letu = Inz and a = 2. Then du = d_a: and
T

v4+ (Inz)2
/ +z(”) /\/az—du @ +ur+ L ln<u+ a2+u2) +C
= §(lnm)\/4+(1nz)2+2ln[lnx+ 4+(ln:c)2] +C

2. [a'e™dr L —a"e™ +4 [ 2% da L —ate " 1 4(—g%e " 4 3 [ 2% % dx)
—(2* +42%)e™" + 12(—2%e " + 2 [ze™" dz)
2 — (2" +42° +120%)e ™" + 24[(~z — e®] +C
=—(z" +42° +122° + 24z + 24)e ™" + C
So fy a'e™" dz = [~ (¢* + 42 + 1222 + 24z + 24)e™"],

—(14+4412+24 +24)e™ ! 4 24¢° = 24 — 65¢ 1.

2]. Let u = €®. Then z = Inu, dz = du/u, so

/M2
/\/ezw'_ldx:/uTldué,/uz—l—cos (1/u) +C = Ve —1~cos™" (™) + C.
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28. Let u = at — 3 and assume that o # 0. Then du = a dt and
[etsin(at —3)dt = 1 [/ *sinudu= L [ e/ sinw du

o8 1 aja_e/" (1
Z ae (/a5 17 asmu—cosu +C

1 3/4 w o’ (1
= —¢*/@et/®) ——L<~ sinu—cosu) +C

1+ 02\«
1
=TT a e/ (sinu — acosu) + C
=1 e’ [sin(at — 3) — acos(at — 3)] + C

4d 4d
LT LT [u:ws,du=5m4d$]

1 du
29. = = | ——=
vzt -2 ) (/(z5)2 -2 5/\/u2—2
e %ln|u+\/u2—2|+C:éln|m5+\/:c1°—2|+0

30. Letw = tan 8 and @ = 3. Then du = sec? 6df and

sec? 0 tan® 0

2 2
sec"ftan”6 [ u . 0% U m—m & g -1(Y
de /mdu 2\/& u? + 5 sin (a)-I—C
= —%tan@x/g—tanza—i— %sin‘1<ta;0> +C

31. Using cylindrical shells, we get
2
1T

2 ? 16 . _
V=27r/ Tz 4—x2dm:27r/ m2\/4—x2dm3:-121r[%(2x2—4) 4—m2+§sm 5}
0 0 0

™ 2
= Tt

32. Using disks, we get
Volume = fo"/4 rtantzdz 2 TI'([% tan® w]g/4 (;'/4 tan? mdm) & (3 tan®z —tanzx + x]g

= 27[(0+ 2sin "' 1) — (0 + 2sin~" 0] = 271'(2~

/4

—r(-1+) =m(E- 1)

1 ba? 2ab
—2aln|a+bu|) +C] = ﬁ[b+ (@t bu)? - (a+bu)}

d |1 a
33. (a) — [b—3<a+bu— a1 bu

1 {b(a +bu)? + ba® — (a+ bu)2ab} _1 [ biu? ] _ u?
(a + bu)? (a )2 (a + bu)?

t— 1
(b) Lett =a+bu = dt = bdu. Note that u = baandduzzdt.

2 2 2 _ 2
wdu 1 (t —a) dt:i t* —2at+a” .
(a+bu)? b3 t2 b3 12
1 2a  a® 1 a?
- = _a e =~ (+- - C
=% /(1 : + t2>dt 5 (t 2a1n |t| : ) +
_1 a+bu— o’ *2a1n|a+bul> +C
b3 a+bu
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%(2u2—a)\/ —u2+ sin” —+C’}

d
4
u 2 2y1] @ la
:§(2u2—a2)m+\/a2—uz[( + (2u a)s]"'gm
u2(2u —a?) 2u? —a? a!
= 8 ,_.__a2_u2 +\/a2 |: 8 +8\/a—2_—u2
4

2 0/ a
=1(a®- u2)"1/2 [—%(%2 —a®) +u?(a® —u®) + 3(a® —u?) (2u® - a?) + T

2( 2 _ 2
(a? ~u2)_1/2 [2u%a? — 2u?] = _“(az_“zl Ny
a —u

N =

(b) Letu =asinf = du = acosfdf. Then
[u*Va? —u2 du= [a®sin’fay/1 —sin?facosfdb = a* [ sin® @ cos® 0 df
=a® [ 3(1+cos20)1(1 - cos20)db = 10" [(1 - cos®260)do

%a‘lf [1- 31 + cos46)| df = ia‘l(%O - %sin40) +C
= ia‘l(%O %2sm29cos29) +C = ia‘t[%G - %sin&cos@(l — 2sin® 0)] +C
4 / 2 _ .2 2
:a—{sm_lu Lyae —u (1—2%”+C
8 a a a a
a* . Ju uva®—uZa? -2
= —[sin - +C
8 a a a a?
4

35. Maple, Mathematica and Derive all give [ z°v/5 — 22 dz = —iz(5- )3/2 +32v5—a? + L sin~! (%m)

Using Formula 31, we get [ 25 — 2% dz = Lz(22% — 5)v5 — z2 + 5(52)sin_1<%w) + C. But

~1z(5-2?)*" 4+ 2p 52 = §2 V5 —a2[5-2(5 - 2?)] = 12(22® - 5)v/5— 22, and the sin~" terms

are the same in each expression, so the answers are equivalent.

36. Maple and Mathematica both give fm2(1 +z ) dr = szv 54 1m12 + ac + 641 x , while Derive gives

[z (1+ a:3)4 dr = (2% + 1)5. Using the substitution u = 1+ 2° = du = 322 dz. we get
[?(1+ :v3)4 dzx = fu"(% du) = 2u°+C = =1+ $3)5 + C. We can use the Binomial Theorem or a CAS

to expand this expression, and we get = (1 + x3)5 +C={+32°+ 22542 32° + 32+ L2 4 C.

37. Maple and Derive both give [ sin®z cos? z dz = —¢sin’z cos® z — 2 cos? z (although Derive factors the
expression), and Mathematica gives [ sin® z cos® z dz = —5cosz — K cos3z + 35 cos 5. We can use a CAS to

show that both of these expressions are equal to — cos T+ z 5 cos® z. Using Formula 86, we write

2 . .
fsm T COSs IEd.’L'——%SlIl iL‘COS $+EISID$ COos zdw:~ésm2x COSS.’L‘—F%(‘%COst)—FC

2
:—ésm mcos3mglcos z+C
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38.

39.

M.

42,

1sin®z 2 sinz

Maple gives [ tan®z sec* dz =

5cos®z | 15cosdz’
o o 2 4 1
Mathematica gives f tan® z sec” do = — 135 sec® z (—20sin z + 5sin 3z + sin 5z), and
L 2 4 9 sinz sinz .
Derive gives f tan®z sec” dr = —3 tanx — + . All of these expressions can be “simplified”

15cos3z  5cosbzx
1 sinz (cos2 x — 2costz — 3)

0 5 o T using Maple. Using the identity 1 + tan? z = sec? z, we write

[tan®z sec'zdr = [tan’z (1+ tan® z) sec’zdr = f(tan2 T + tan® z) sec? z dz.

Now we substitute uw = tanz = du = sec® z dz, and the integral becomes
2 4 3 ;
[(W?+u?)du = tu® + 1u® + C = Ltan’z + § tan® z + C. If we write

.5 .. 3 . . .
sin®x = sin" ¢ ( 1 — cos? m) and substitute into the numerator of the tan® 2 term, this becomes

3 5

1sin®z 1 sin® z (1 — cos® z) 1sin’z (1 l) sin® z _1sin®z | 2 sin’z

+C = = —
3cosdz 5 cos® x 5cos®x cos® 5cos’x  15cosdz

which is the same as Maple's expression.

Maple gives [ /1 + 2zdz = 15(1 + 22)%/? — L(1 + 2z)*/?, Mathematica gives v'1 + 2z(22° + &£z — 15)-
and Derive gives 1z (1 + 2)%/2(3x — 1). The first two expressions can be simplified to Derive’s result. If we use

Formula 54, we get
JevIT2zde=55m(3-20 -2 1)(1+ 22)%/% + C = & (62 — 2)(1 +22)** + C

= L3z - 1)(1 +22)**

. Maple and Derive both give [ sin* zdz = —3 sin® z cosz — £ cosz sinz + =, while Mathematica gives

3—12 (12 — 8sin 2z + sin4x), which can be expanded and simplified to give the other expression. Now

. 73
fsm‘i:cda::—‘—l;sm wcosx+3f51n :cdw-——lsmscc cosT + 5 ( m—ZSIan) +C

= —%sin T COST — %smm cosT + §w+ C since sin2x = 2sinx cos

Maple gives [ tan® zdz = § tan?z — 1 tan’z + 3 In(1+ tan® z), Mathematica

gives [ tan® zdr = 3[—1 — 2 cos(22)] sec* z — In(cos ), and Derive gives

i tan® z dzr = % tan* z — % tan? z — In(cos z). These expressions are equivalent, and none includes absolute
value bars or a constant of integration. Note that Mathematica’s and Derive’s expressions suggest that the integral is
undefined where cos z < 0. which is not the case.

Using Formula 75, [ tan® z dz = = tan® 'z — [tan® *zdz = itan*z — [ tan® z dz. Using Formula 69,

[tan®zdx = %tan2m+ln|cosz| +C,s0 [tan® zdx = %tan‘lw* %tanza:—ln|cosac| +C.

Maple gives [ 2°vz? + 1dz = Zz*V1+a? — 2?1422+ V1422 + 12%/1 + 2. When we use
the factor command on this expression, it becomes ﬁ (1 + m2)3/2 (15x —122% + 8). Mathematica gives
VIt a2 (s — 2’ + =zt + 3 12°). which again factors to give the above expression, and Derive gives the

105

factored form immediately. If we substitute u = Va2 +1 = at = (u? - 1)2, z dz = udu, then the integral
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becomes
[ (u? - l)zu(udu) =[(u* -2’ +1)uldu=1u" - 2+ 1P +C
=@+ )" 3" +1) -2 ) + 4] 40
=1 (@ +1)° [15(27 +1)" — 42(2” + 1) + 35] +C
1.2 3/2 4 2 C
=155 (=" +1)77 (152" — 122% + 8) +
2271222 1 In(v/2% —1+2%) . .
43. Derive gives I = [2°/4= —1dz = \112 - ( 73 ) immediately. Neither Maple nor

Mathematica is able to evaluate [ in its given form. However. if we instead write I as J2%1/(2%)2 — 1dz, both
systems give the same answer as Derive (after minor simplification). Our trick works because the CAS now

recognizes 2% as a promising substitution.

44. None of Maple, Mathematica and Derive is able to evaluate J(1+1nz)\/1+ (zInz)? dz. However, if we let
u = zlnz, then du = (1 + Inz)dz and the integral is simply J V1 + w2 du, which any CAS can evaluate. The

antiderivative is £ In <:v Inz +4/1+ (zln z)2> + 3zlnz\/1+ (zlnz)? + C.

45. Maple gives the antiderivative 0.6

x2—1 2 2 /Q
F(z):/mdax:—%ln(m +z+1)+%ln(w —z+1). Y .

We can see that at 0, this antiderivative is 0. From the graphs, it appears

that F' has a maximum at z = —1 and a minimum at z = 1 [since

F'(z) = f(z) changes sign at these z-values], and that F has inflection
pointsatz =~ —1.7,z = 0, and = ~ 1.7 [since f(z) has extrema at these

z-values].

46. Maple gives the antiderivative which, after we use the simplify command, becomes
Jze T sinzdr = —3€ %(cosT + xcosz + zsin ). Atz = 0, this antiderivative has the value — 3. 50 we use
F(z) = —3e *(cosz + z cosz + z sin ) + 1 to make F(0) = 0.

20

X,

=30 -0.5

From the graphs, it appears that F has a minimum at z ~ —3.1 and a maximum at z &~ 3.1 [note that f(z) = 0

atz = +£r]. and that F' has inflection points where f' changes sign,atz ~ —2.5,2 = 0, z ~ 1.3 andz =~ 4.1.
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. 4 6 - . . . L .. . .
47. Since f(z) = sin® z cos® z is everywhere positive, we know that its antiderivative F is 1ncreasmg Maple gives
__1 7,._ 3 1 3
ff da: sm T COS' T — g5 sinz cos’ z + 155 cos® z sinx + mcos T sinT + 5= 256 cosx sinx + 5= 256

and this expression is O at z = 0.

0.04

0 T

F has a minimum at z = 0 and a maximum at z = 7. F' has inflection points where f’ changes sign. that is, at
z~0.7z=mn/2 and x = 2.5.

3 J—
48. From the graph of f(z) = T _~T e can see that F has a maximum at z = 0, and minima at z ~ +1. The

z6 41
antiderivative given by Maple is F(z) = —3 In(z® + 1) + § In(z* — 2% + 1), and F(0) = 0. Note that f is odd.

and its antiderivative F' is even.

04
//\ d
-3 / —+—3
/ -
—04

F has inflection points where f’ changes sign, that is, at = +0.5and z ~ £1.4.

DISCOVERY PROJECT Patterns in Integrals

1. (a) The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “+ C .

. 1 _ _

ln(w—l-l) In(x + 5)
(“)/( 1 (x+5) 4 1
_In(z-5) In(z + 2)
(“‘)/(x+2)(m—5) de=—= 7
1

. 1 _
) / Gror T T2
(b) If a # b, it appears that In(z + a) is divided by b — a and In(z + b) is divided by a — b, so we guess that

1 _In(z+a) In(x + b)
/(m+a)(z+b) R R +C

If @ = b, as in part (a)(iv). it appears that

1 1
P —_ — C
/(m+a)2dm :v+a+
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(c) The CAS verifies our guesses. Now

1 A B
= = 1=A(z+b)+B(z+a
(z +a)(z+0b) m+a+m+b ( ) ( )

Setting z = —b gives B = 1/(a — b) and setting z = —a gives A = 1/(b — a). So

' - - 1 b
1 dm:/ 1/(b a)_}_l/(a b) dm:ln|m+a|+n|x+ I+C’
(z+a)(z+0b) z+a z+b b—a a—1b
and our guess for a # b is correct.
If a = b, then ! = 1 =(z+a)’ Lettingu=xz+a = du=dz, we have

(x+a)(z+b) (z+a)
/(x +a) P de = /u_2 du = 1 +C= 1 + C, and our guess for a = b is also correct.
U z+a

cosz  cos3z
6
1
(i) [ sin 3z cos Tz dx = C0584z B cos200x

cosllez cosbz

22 10
(b) Looking at the sums and differences of @ and b in part (a), we guess that

2. (a) (i) [sinz cos2zdx =

(iii) [sin8z cos3xdxr = —

cos((a—b)z) cos((a+b)z)
2(b-a) 2(a+0b)

/sin ax cosbrdr = +C

Note that cos((a — b)z) = cos((b — a)zx).
(c) The CAS verifies our guess. To integrate directly, we can use Formula 2(a) from Section 7.2.
[sinazcosbzdz = [ {1 [sin(az — bz) + sin(az + bz)]} de = L [ [sin((a - b)x) + sin((a + b)z)] dz

_ 1] cos((a—b)z) cos((a+b)x) _ cos((a—b)z) cos((a+ b)z)
‘2[ b—a  a+b J*C‘ 2b—-a) 2(a+b)m

+C

Our formula is valid for a # b.

3 @ () [lnzdr=zlnz -2z
(i) fzlnzde = 12’nz - 3z°
(i) [z?Inzde = 32°Inz — i°

. 3 _ 1.4 1.4
(iv) [z’ Inzdx = 12 Inz — sz

V) [2"Inzde = 2®Inz — La8

(b) We guess that [ z™ Inz de = ! 2" nx — ;293"‘“
n+ (n+1)
_ on dx 1 1
©Letu=Inz,.dv=z2"dr = dyu=22 y= "t
T n+1
n 1
Then /z Inzdzr =
n—+

1mn+1 Inz — r—::—l/xndm
1 1 1

— "M ng —

— n+41
n+1

n+l n+ 1t
which verifies our guess. We must have n + 1 #0 & n# -1
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4. (a) (i) [ze®dz =€"(z— 1)
(ii) [z%e® dz = e"(2* — 22 + 2)
(iii) [z’e®dx = €® (m3 — 322+ 62 — 6)
(iv) [ze® dz = e (z* — 42® + 1227 — 24z + 24)
) [2°€® dz = e (z° — 5a* + 20z® — 60a” + 120z — 120)
(b) Notice from part (a) that we can write
[ate®dr =e"(z* —42° +4 32> —4-3-20+4-3-2-1)
and
[aPe"do=e(z° —5e* +5 42> —5-4-32° +5-4-3-2¢-5-4-3-21)
So we guess that
fa:e’ezda:zez(zfj—6:55—1—6-53:4—6~5~4m3+6-5~4-3x2—6‘5~4-3-2m—|—6-5-4~3-2~1)

= % («® — 62° + 30z — 1202° + 360z” — 720z + 720)
The CAS verifies our guess.

(c) From the results in part (a), as well as our prediction in part (b), we speculate that

[zredz =€"[z" — nz" ' +n(n—1)z""? —n(n—1)(n — 2)z" 7 + .- £ nlz Fnl

(We have reversed the order of the polynomial’s terms.)

i n!
(d) Let Sy, be the statement that [ z"e” dz = €* Z(—l)""l%—'wl.
i=0 '
S, is true by part (a)(i). Suppose Sk is true for some k. and consider Sk1. Integrating by parts with u = AR

dv=e*de = du=(k+1)zFdz. v=e" weget

fwk“ e de =z e” — (k+ 1)f:1:’°ez dz

=z"le” — k+1)[ Z( 1)’“ }
—¢® [zk+1 _ (k+ 1) zk:(__l)k—z_]:_:wz}

i=0

[ k+1+z( 1)k-itt (k+1)k! z]

3!

k+

Z 1)k+D- ik+1)!

= 7!

This verifies S, for n = k + 1. Thus, by mathematical induction, S, is true for all n, where n is a positive

integer.
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1.1 Approximate Integration

lL.@Az=(b-a)/n=4-0)/2=2
Ly= ¥ fl@1) A= f(wo) -2+ f(@1) -2 = 2[£(0) + £(2)] = 205 +25) = 6

R2=’if(xi)Aac:f(w1)-2+f(m2)~2 2[f(2)+ f(4)]) =2(2.5+35) =12
M, = Xj: F@)Az = f(T1) -2+ f(T2)-2=2[f(1) + f(3)] # 2(1.6 +3.2) = 9.6

(b) L is an underestimate, since the area under the small rectangles is
less than the area under the curve, and R is an overestimate, since
the area under the large rectangles is greater than the area under the
curve. It appears that My is an overestimate, though it is fairly close
to I. See the solution to Exercise 45 for a proof of the fact that if f is

concave down on [a, b], then the Midpoint Rule is an overestimate of

[? f(z)d

(©) Tz = (3 Az)[f(20) + 2f(21) + f(w2)] = 2[£(0) +2/(2) + f(4)] = 0.5+ 2(2.5) + 3.5 =
This approximatien is an underestimate, since the graph is concave down. Thus, Tz =9 < I. See the solution to
Exercise 45 for a general proof of this conclusion.

(d) For any n, we will have L, < T, < I < M,, < R,.

2 The diagram shows that Ly > T, > f02 f(z)dz > Ry, and it appears
that My is a bit less than foz f(z) dz. In fact, for any function that is
concave upward, it can be shown that
Lo >To > [} f(z)dz > M, > R,.

(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811. it follows that
L, =0.9540, T, = 0.8675, M,, = 0.8632. and R, =0.7811.
(b) Since M,, < f02 f(z)dz < Ty, we have
0.8632 < [ f(z) dz < 0.8675.
3. f(z) = cos(z?), Az = 1201

@ Ts = 75 [(0) +2£ () + 2 (2) + 27 (2) + £(1)] ~ 0.895759
®) Ma=3[£(3) + £(3) + 7(3) + £(3)] ~ 0.908907

The graph shows that f is concave down on [0, 1]. So Ty is an
underestimate and My is an overestimate. We can conclude that

0.895759 < [ cos(z?) da < 0.908907.
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4 05 (a) Since f is increasing on [0, 1], L2 will underestimate I (since the

| area of the darkest rectangle is less than the area under the curve),
and Ry will overestimate I. Since f is concave upward on [0, 1], M2
will underestimate I and T3 will overestimate I (the area under the

straight line segments is greater than the area under the curve).

0= = 1 (b) For any n, we will have L, < M, < I < T, < Rn.
5
() Ls = 3 f(zi—1) Az = £[f(0.0) + £(0.2) + f(0.4) + f(0.6) + f(0.8)] ~ 0.1187
=1

Rs = i f(zi) Az = L[£(0.2) + £(0.4) + £(0.6) + f(0.8) + f(1)] ~ 0.2146

o

Ms =Y f(@:) Az = $[f(0.1) + f(0.3) + f(0.5) + f(0.7) + £(0.9)] ~ 0.1622

i=1

Ts = (1 Az)[f(0) + 2f(0.2) + 2£(0.4) + 2£(0.6) + 2(0.8) + f(1)] ~ 0.1666

From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case. since
I = 0.16371405.)

5 f(z) = z*sinz. Az*b;a:ﬂgozg
@ Ms = Z[f(§5) + F(35) + F(55) + -+ F ()] = 5932957
(b) S5 = 555 [£(0) + 4F(F) + 2 (%) + 4f (5) + 27 (%) +4F (%) + 2/ (5) + 47 (F) + ()]

~ 5.869247

Actual: [ z*sinx dz 8 [~2® cosz|; +2 [; xcoszd 8 [~7? (=1) = 0] + 2[cosz + zsinz]g

=72 +2[(=1+0) — (14 0)] = 7° — 4 ~ 5.869604
Errors: Ey = actual — Mg = [ @? sinz dz — Ms ~ —0.063353
Es = actual — Sg = [ #° sinz dz — Ss ~ 0.000357

b—a 1-0_1

6 6
(a) Mg = %[f(12)+f(12)+f(ﬁ)
(b) So = 525 [£(0) +4f(5) +2f(3) +

6. f(z) = e Ve Az =

] ~ 0.525100

F(B) + F(35) + (5
4f(

)
1
af(2) +2/(§) +41(3) + F(V)] = 0.533979

Actual: fol e Veidr = fo—l e*2udu [u = —v/z. u? =z, 2udu = dr]
% of(u — 1)ev]y " = 2[~2¢7! — (—1%)] =2 —de™! ~ 0528482
Errors: Eyr = actual — Mg = [ e~ V® da — Me ~ 0.003382
Es = actual — S = [ e”V®dz — S¢ ~ —0.005497

1. f(x):\4/1+a:2,A :2—0:

oo
N

@ Ts = 15 [£(0) + 2f(3) +2£(3) +o+2f(8) +2f(3) + f(2)] = 2.413790
() Ms = §[£(3) + £(3) +-+ F(8) + F(¥)] ~ 2411453
(c) Ss = 75 [f(0) +4f (§)+2f(§)+4f(%) F2f(1) +4F(8) +2F(2) +4F(]) + f(2)] ~ 2412232
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) +2/(5) +27(3) +2/(3) + £(3)] ~ 0.042743
() My = g[£(5) + £ (55) + F(5) + F ()] ~ 0.040850
w3 [0 +47(5) +2/(3) +4f(3) + £(3)] ~ 0.041478

1+z 0 10
@ Tio = 15 [f(1) +2f(1.1) + 2f(1.2) + - - + 2F(1.8) + 2£(1.9) + £(2)] ~ 0.146879

0
(b) Mo = % F(1.05) + f(1.15) + - - - + £(1.85) + £(1.95)] ~ 0.147391
1

+2f(1.8) + 4£(1.9) + f(2)]

~ 0.147219
1 _3-0 1

0= =5 =3

@ Ts = 53 [f(0) + 2f(3) + 2£ (1) + 2£(2) + 2£(2) + 2f(2) + £(3)] ~ 0.895122

) +
&) Ms =5 [£(3) +7(2) + £(3) + £(D) + £(3) + F(1)] ~ 0.805478
(©) Ss = 715 [£(0) + 47 (3) + 2f (1) +4f(2) +2f(2) + 47 (3) + f(3)] ~ 0.898014

—

f(t):sin(et/z),At:%;O:%

@ T = 555 [£(0 )+2f(s%) 20 (55) + - +2f(55) + £(3)] = 0.451948

®) Ms = 55 [ (52) + £(55) + /() ++ F(8) + £(2)] ~ 0.451991

© Ss = 5 [f( 0)+4f(i6)+ (&) +---+4f(F) + £(3)] ~ 0451976

f@) = I+ V5 Ac = 80_%

@ Ts = 555 [f(0) +2f(3) +2/(1) +- - +2£(3) + 2/ (Z) + f(4)] ~ 6.042985

) Ms = 3[f(5)+ f(3) + - +f(13) f(f)]~6084778

(© Ss = 515 [f(0) +4F(3) +2f(1) + 47 (2) + 2f (2) +4£(3) +2f(3) +4f (%) + f(4)] ~ 6.061678
f(z):el/z.Az—ZZI i

@ Ts = 715(f(1) + 2£(1.25) + 2£(1.5) + 2£(1.75) + £(2)] ~ 2.031893
(b) My = §[f(1.125) + f(1.375) + £(1.625) + f(1.875)] ~ 2.014207
(©) Sa = 7i5[f(1) +4£(1.25) + 2f(1.5) + 4f(1.75) + £(2)] ~ 2.020651

f(x) =\zsinz, Az = —— =
@ Ts = 75 {f(0) +2[£(}) +

) Ms = 3[f(3) +f(3)+f
© Ss = 555 [f(0) +4f () +

D+ f(3)+£2) + f(2) + £(3) +f(%)] + f(4)} ~1.732865
(3) 1)+ +f(13) +1(%)] ~ 1787427
2f(1) +4£(3) +2/(2) +4£(5) +273) + 4f(Z) + f(4)] ~ 1.772142
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15. f(z) =

16.

17.

18.

19.

coS T A _5—1 1

z STT T T2

@ Ty = 555 [F(1) +2f(3) + 2f(2) +--- + 2f(4) + 2f(3) + f(5)] = —0.495333

(b) Ms=%[f(%)+f(%)+f( )+ FO) + () + L) + £ + ()] = —0.543321
(©) Ss = 555 [f(1) +4f(2) +2£(2) +4£(2) +2f(3) +4f (%) +27(4) +4f(3) + F(5)]
—0.526123

f(z) = In(2® +2). Az = 61_04 -3
(@) Two = 55 [f(4) + 2£(4.2) + 2f(4.4) + - -- + 2f(5.6) + 2f(5.8) + f(6)] ~ 9.649753
(b) Mo = £[f(41) + f(4.3) +--- + f(5.7) + f(5.9)] ~ 9.650912
(©) S0 = 555 (4) +4£(4.2) + 2f(4.4) + 4f(4.6) + 2f(4.8) + 4f(5)
+ 2f(5.2) +4f(5.4) + 2f(5.6) + 4£(5.8) + f(6)]
~ 9.650526

—_

4-2 1
fz) = Am——lb——g

(@) Two = %{f(Q) +2[£(2.2) + f(2.4) + f(2.6) + - - + f(3.8)] + f(4)} = 14.704592
(b) M1o = £[f(2.1) + f(2.3) + f25)+ f27)+---+ f37)+ f(3.9)] ~ 14.662669
(©) S0 = 55 [f(2) +4£(2.2) +2f(24) +4f(2.6) + -~ + 2£(3.6) +4£(3.8) + f(4)] =~ 14.676696

(@) Tio = 55 {(0) +2[f(0.2) + f(04) +--- + F(1.8)] + f(2)} ~ 0.881839
Mio = L[f(0.1) + f(0.3) + £(0.5) +--- + F(1.7) + £(1.9)] ~ 0.882202

() f(z) = e f(z) = —oze~=", f'(z) = (42” - 2)6_“”2, f"(z) =4z (3 - 2:1:2)6"2.
f"(z)=0 & z=0o0rz= :l:\/g. So to find the maximum value of | f”(z)| on [0, 2], we need only

consider its values atz = 0, z = 2, and z = \/g |f(0)] = 2.|f"(2)| ~ 0.2564 and .f”(\/g)\ ~ 0.8925.
Thus, taking K = 2. a = 0. b= 2, and n = 10 in Theorem 3, we get |Br| <2-2°/(12-10%) = 5% = 0.013,
and |Enm| < |Er|/2 < 0.006.

K(b—a)®

_ 3
(©) Take K = 2 [as in part (b)] in Theorem 3. |Er| < =~ <107 & 22-07

12n?
$p2 >10° « n>365.1... « n > 366 Taken =366 for T,.. For Ep, again take K = 2 in

Theorem 3 to get |En| < 107° & 2n?>10° & n2>2582 = n= 259. Take n = 259 for Mn.

<107% &

20. (a) Ts = 75 { f(0) +2[f(3)+7(3) + + F(5)] + f(1)} ~ 0.902333

Ms = 3[f(%) +F(55) +F(FH) + +f(—g)] — 0.905620
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() f(z) = cos(z?). f'(x) = —2xsin(z?). f”(z) = —2sin(z?) — 42 cos(z?). For 0 < z < 1, sin and cos are
positive, so | ' (z)| = 2sin(:c2) +4z% cos(z?) <2-1+4-1-1=6since sin(mz) < 1and cos(:r2) < 1 for
allz,andz? < 1for0 < z < 1. Soforn = 8, wetake K = 6,a = 0, and b = 1 in Theorem 3, to get
|Er| <6-1°/(12-8%) = 155 = 0.0078125 and | Ep| < 525 = 0.00390625. [A better estimate is obtained
by noting from a graph of f” that |f”(z)| < 4for0 <z < 1.]

(c) Using K = 6 as in part (b), we have |Ex| < 6-1°/(12n?) =1/ (2n®) <107° = 2n*>10° =

n > /3 -10% or n > 224. To guarantee that | Eps| < 0.00001, we need 6 - 13/(24n2) <107° =

4n® >10° = n>,/3.10%0rn > 159.

2. (2) Thio = 55 {f(0) +2[£(0.1) + f(0.2) + - -- + £(0.9)] + f(1)} ~ 1.71971349
S10 = 155 [£(0) +4£(0.1) + 2f(0.2) + 4£(0.3) + - - - + 4£(0.9) + f(1)] ~ 1.71828278
Since I = fol e*dr = [ez](l) =e—1~1.71828183, Er = I — Ty ~ —0.00143166 and
Es =1 — 510 ~ —0.00000095.
) fz)=€e* = f'(z)=e"<efor0<z<1. Taking K =e,a=0,b=1, and n = 10 in Theorem 3. we
get|Br| < e(1)*/(12-10%) ~ 0.002265 > 0.00143166 [actual | Er| from (a)]. f@(z) = € < e for
0 <z < 1. Using Theorem 4, we have | Es| < e(1)®/(180 - 10*) ~ 0.0000015 > 0.00000095 [actual |Es|
from (a)]. We see that the actual errors are about two-thirds the size of the error estimates.

Il

(c) From part (b), we take K = e to get | Ex| < Kb -9 00001 Loy o) =
part (5). CeREItTISs e =0 = 12(0.00001)
K(b—a)®
n 2 150.5. Take n = 151 for T,. Now |Ejs| < —odmz <0.00001 = n >106.4. Take n = 107 for
. K(b—a)° ; e(1°)
- : < =22 <0.00001 > ) > 6.23. Take n = 8 for S,
M. Finally, |Es| < 1808~ S 0.00001 = n*> 180(0.00001) = n> ake n or Sp,

(since n has to be even for Simpson’s Rule).

22. From Example 7(b), we take K = 76e to get | Es| < 76e(1)° /(180n*) < 0.00001 =
nt > 76e/[180(0.00001)] = n > 18.4. Take n = 20 (since n must be even).

23. (a) Using a CAS, we differentiate f (x) = e“** twice, and find that 1

2
f(z) = e (sin®z — cos ). From the graph, we see that the 0 [' /\-/\ , ' .
maximum value of | f ()| occurs at the endpoints of the w

interval [0, 27r]. Since f”/(0) = —e, we canuse K = e or K — 2.8,

-3
(b) A CAS gives Mg =~ 7.954926518. (In Maple, use student [middlesum].)

M3
(¢) Using Theorem 3 for the Midpoint Rule. with K — e, we get |[Ey| < 6(221\1002) ~ 0.280945995. With
2.8(2m — 0)°
24 -102
(d) A CAS gives I ~ 7.954926521.

K = 2.8, we get |Epy| < = 0.289391916.

(e) The actual error is only about 3 x 10~° much less than the estimate in part (c).
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24,

(f) We use the CAS to differentiate twice more, and then graph 14

f@(z) = e (sin* z — 6sin® z cosz + 3 — 7sin® z + cos ).

From the graph, we see that the maximum value of ‘ f (4)(:5)‘ occurs

at the endpoints of the interval [0, 27]. Since F™®(0) = 4e, we can use
K =4eor K =10.9.

NI

8

0

(g) A CAS gives S10 ~ 7.953789422. (In Maple, use student [simpson].)

. . 4e(2m — 0)° .
(h) Using Theorem 4 with K = 4e, we get |Es| < 180 10% ~ 0.059153618. With K = 10.9, we get
10.9(2w — 0)°
Fql < ——m———— = 0. .
|Es| < 130 10° 0.059299814

(i) The actual error is about 7.954926521 — 7.953789422 ~ 0.00114. This is quite a bit smaller than the estimate
in part (h), though the difference is not nearly as great as it was in the case of the Midpoint Rule.

5 5
(j) To ensure that | Es| < 0.0001, we use Theorem 4: |Es| < 4e(2r) <0.0001 = de(2r) <n' =

=180 nd = 180-0.0001 — "
n* > 5915362 < n > 49.3. So we must take n > 50 to ensure that |I — Sn| < 0.0001. (K = 10.9 leads
to the same value of n.)

(a) Using the CAS, we differentiate f(z) = v/4 — z3 twice. 12
_ 9z* _ 3z ]
4(4_x3)3/2 (4_3:3)1/2' -1 1

and find that f”(z) =

From the graph, we see that | f”(z)| < 2.2 on [-1,1].

=25
(b) A CAS gives M1o =~ 3.995804152. (In Maple, use student [middlesum].)
. - . 2.2[1— (=1)°
(c) Using Theorem 3 for the Midpoint Rule, with K =22, weget|Ey| < BECYSET R =~ 0.00733.
(d) A CAS gives I ~ 3.995487677.
(e) The actual error is about _0.0003165. much less than the estimate in part (¢).
(f) We use the CAS to differentiate twice more, and then graph | = 1 —
2(.6 3
22 (z® — 224z° — 1280
f(4)(x):g ( _ )
16 4—z3)"
From the graph, we see that lf(4) (w)‘ < 18.10n[-1,1].
-20

(g) A CAS gives S10 =~ 3.995449790. (In Maple. use student [simpsonl.)
18111 — (-1
(h) Using Theorem 4 with K = 18.1, we get |Es| < ——1[80—_1(&1—)]— =~ 0.000322.
(i) The actual error is about 3.995487677 — 3.995449790 ~ 0.0000379. This is quite a bit smaller than the
estimate in part (h).
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18.1(2)° 18.1(2)° 4
(j) To ensure that | Es| < 0.0001,we use Theorem 4: |Eg| < 18018 S <0.0001 = 180 0.0001 <n® =

n* > 32,178 = n > 13.4. So we must take n > 14 to ensure that |[I — S| < 0.0001.

2. I = [} 2®dz = [12%]] = 0.25. f(z) = 2°.

i
n=4 Li=1[0"+(1)"+(2)°+ (3)°] = 0140625

Re=3[(2)7+ (3)° + (2)° +17] = 0.390625
1

Ty =15 [03 +2(3)° +2(2) +2(3)° + 13] = 0.265625,
M= 3[(2)"+ (3)"+ (D) + ()] = 0.2a21875,
Ep =1 — Ly = ; —0.140625 = 0.109375, Eg = 1 — 0.390625 = —0.140625.
Er = § —0.265625 = —0.015625, Ep = 1 — 0.2421875 = 0.0078125
n=8 Lshg[f(0)+f(§)+f(§) ( )} ~ 0.191406
T = 25 {£(0) +2[7(3) +f< > D)+ T} 025300
Ms = 5[f(35) + £(55) + +f(-2) +1(18)] = 0248047
Ep ~ § —0.191406 ~ 0.058594. Er ~ 1 — 0.316406 ~ —0.066406,
Er ~ § —0.253906 ~ —0.003906, Eas ~ 1 — 0.248047 ~ 0.001953.
n=16: Lig = [ f(0

i )+ (&) + f %) + f(B)] ~0.219727
R = 1) +1(3) +++ 1) + 0] w0282
Tis = 1612{ O)+2[f 16 _|_f 16)+ +f( )] f@ )} ~ 0.250977
(

Mis = 55[f(35) + £(55) + - + £(&)] ~ 0.249512
Ep ~ i 0.219727 = 0.030273, Er ~ 1 — 0.282227 ~ —0.032227,
Er ~ 1 —0.250977 ~ —0.000977, EM ~ 1 0.249512 ~ 0.000488.
n L, R, Tn M, n Er Er Er Em

4(0.140625 | 0.390625 | 0.265625 | 0.242188 410.109375 | —0.140625 | —0.015625 | 0.007813
81 0.191406 | 0.316406 | 0.253906 | 0.248047 810.058594 | —0.066406 | —0.003906 | 0.001953
16 | 0.219727 | 0.282227 | 0.250977 | 0.249512 16 | 0.030273 | —0.032227 | —0.000977 | 0.000488

Observations:
1. Er and Eg are always opposite in sign, as are Er and Ey.

2. As nis doubled, Ey, and ER, are decreased by about a factor of 2, and Fr and Ej are decreased by a factor of
about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.
4. All the approximations become more accurate as the value of 7 increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.
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2. [? e"dr = [e”]} = €® — 1 ~ 6.389056. f(z) =
n=4 Az=(2-0)/4=1

Li= %[ Lel/2 el o 63/2] ~ 4.924346
Ri—1 [61/2 Lelied/2y 62] ~ 8.118874
Ti= 55 [eo +2e/2 4 2¢! 42632 + e2] ~ 6.521610
My = 3[4+t + e+ €"/4] ~ 6.322986.

Ep =~ 6.389056 — 4.924346 ~ 1.464710, Er =~ 6.389056 — 8.118874 = —1.729818,

Er ~ 6.389056 — 6.521610 ~ —0.132554, Ep =~ 6.389056 — 6.322986 = 0.0660706.
n=8 Az=(2-0)/8=1

g = +

[e Felt pell? 4 edh et +e5/4+e3/2+e7/4] ~ 5.623666

'S

= ;11[ /4+€1/2+63/4+€1+65/4+63/2+67/4+e2] ~ 7.220930

Ty = iy [0+ 2614 + 261/ 4 26¥4 4 261 +267/% + 2%/ 4267/ e 2] ~ 6.422208

i[ 1/8 4 ¢3/8 4 ¢5/8 4 o7/8 1 /8 4 l1/8 | o13/8 +e15/8] ~ 6.372448

Z

Ex, ~ 6389056 — 5.623666 ~ 0.765390, E ~ 6.389056 — 7.220930 ~ —0.831874,
~ 6.389056 — 6.422208 ~ —0.033242, By ~ 6.389056 — 6.372448 ~ 0.016608.
2- )/16 =3
L[FO) + F(3) + F(3) +- + F() + F(F)] = 5998057

sl %) +f(§) f(s) + '+f(15) + £(2)] ~ 6.796689

S5O +2[f(3) +FB) +F(R) + +F(R)] + /() ~ 6397373
Mis = %[ (&) + F(F) + £ (F) + -+ [($5) + £(35)] ~ 6.384899

B, ~ 6.389056 — 5.998057 ~ 0.390999, Ex ~ 6.389056 — 6.796689 ~ —0.407633.
By ~ 6.380056 — 6.397373 ~ —0.008317, By ~ 6.380056 — 6.384899 ~ 0.004158.

3
I
—_
@
|| Z

n Er Er Er Eum

4 | 1.464710 | —1.729818 | —0.132554 | 0.066071
0.765390 | —0.831874 | —0.033242 | 0.016608
16 | 0.390999 | —0.407633 | —0.008317 | 0.004153

Observations:
1. Ey, and ER are always opposite in sign, as are Er and Ep.

5 Asn is doubled. Er, and Eg are decreased by a factor of about 2, and Ep and Ejs are decreased by a factor of
about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.
4. All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.
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4
2. [ Jzdo = [§m3/2]1 —2(8—1) = 1 ~ 4666667

n=6 Ar=(4-1)/6=1
To = 75 [V1+2V15+2v2+2v25 423+ 235+ V4] ~ 4.661488
Mo = 3[v1.25 + V175 + V225 + V2.75 + /3.25 + v/3.75 | ~ 4.669245
So = 5= [\/_+4\/_+2\/_+4\/_+2\/_+4\/_+\/_]"‘4666563
Er ~ 1 — 4661488 ~ 0.005178, En ~ 1 — 4.669245 ~ —0.002578,
Es ~ 1 — 4666563 ~ 0.000104.

n=12 Az=(4-1)/12=1
Ti2 = 75 (f(1) + 2[f(1.25) + f(1.5) + - - + £(3.5) + £(3.75)] + F(4)) ~ 4.665367
My = i[ f(1.125) + f(1.375) + f(1.625) + - - - + £(3.875)] ~ 4.667316
S12 = g5lf(1) + 4 £(1.25) + 2 £(1.5) + 4 f(1.75) + - -- + 4 f(3.75) + f(4)] ~ 4.666659
Er = 3§ —4.665367 ~ 0.001300, En ~ & — 4.667316 ~ —0.000649,

14
3
% — 4.666659 ~ 0.000007.

Fs =

Note: These errors were computed more precisely and then rounded to six places. That is, they were not computed
by comparing the rounded values of Ty, M., and S,, with the rounded value of the actual integral.

n T, M, Sn n Er Em Es
4.661488 | 4.669245 | 4.666563 6 | 0.005178 | —0.002578 | 0.000104
12 | 4.665367 | 4.667316 | 4.666659 12 | 0.001300 | —0.000649 | 0.000007

Observations:

1. B and Ej are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and
seems to decrease by a factor of about 16 as n is doubled.

28. ] = f_21 ze"dx = [ze” — €®])* | = €® + 2/e ~ 8.124815. f(z) = ze®.
n=6 Azr=[2-(-1)/6=1
To = 555 {f(=1) + 2[f(~0.5) + f(0) +--- + FLE)] + f(2)} ~ 8.583514
Ms = 3[f(=0.75) + f(~0.25) + - - - + £(1.75)] ~ 7.896632
S6 = 75 [f(=1) +4f(=0.5) + 2£(0) + 47(0.5) + 2£(1) + 47(1.5) + £(2)] ~ 8.136885
Er ~ I - 8.583514 ~ —0.458699, Epr ~ I — 7.896632 ~ 0.228183,
Es ~ I — 8.136885 ~ —0.012070.

n=12 Az=[2-(-1)/12=1
Tz = 75{f(=1) + 2[f(=0.75) + f(~0.5) + - -- + (1.75)] + £(2)} ~ 8.240073
Mz =3 [f(=F) + F(=2) + + f (L) +f()] ~8.067259
S12 = 75[f(=1) + 4f(~0.75) + 2f(—0 B) 4+ 2f(1.5) +4£(1.75) + £(2)] ~ 8.125593
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Er ~ I —8.240073 =~ —0.115258, Em ~ I — 8.067259 ~ 0.057556,
Egs ~ I —8.125593 ~ —0.000778

n T, M, Sn n Er Eum Es
6 | 8.583514 | 7.896632 | 8.136885 6 | —0.458699 | 0.228183 | —0.012070
12 | 8.240073 | 8.067259 | 8.125593 12 | —0.115258 | 0.057556 | —0.000778
Observations:

1. Er and E are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and
seems to decrease by a factor of about 16 as n is doubled.

29 Az=(4-0)/4=1
(a) Tu = 3[£(0) +2f(1) + 2£(2) + 2f(3) + f(4)] = 5[0 +2(3) +2(5) +2(3) + 1] = 11.5
(b) My = 1-[f(0.5) + f(1.5) + f(2.5) + f(3.5)| ® 1 +4.5+4.5+2=12
(©) Sa = L[F(0) +4F(1) + 2£(2) + 4(3) + F(4)] ~ 30+ 4(3) +2(5) +4(3) + 1] = 11.6

30. If z = distance from left end of pool and w = w(z) = width at z. then Simpson’s Rule with n = 8 and Az = 2
gives Area = [ wdz & 2(0 + 4(6.2) + 2(7.2) + 4(6.8) + 2(5.6) + 4(5.0) +2(4.8) + 4(4.8) + 0] ~ 84 m?.

31. (a) We are given the function values at the endpoints of 8 intervals of length 0.4, so we’ll use the Midpoint Rule
withn =8/2 =4and Az = (3.2 -0)/4 =08

32 f(z) da ~ Ma = 0.8[£(0.4) + £(1.2) + f(2.0) + f(2.8)]
= 0.8[6.5+ 6.4+ 7.6 + 8.8]
=0.8(29.3) = 23.44

b 4< f'z) <1 = |f”( )| < 4.souse K =4,a=0.b =32 andn = 4in Theorem 3. So
4(32-0)° _

=0.3413.
24(4)2 375

|EM| <

32. We use Simpson’s Rule with n = 10 and Az = :

distance = [° v(t) dt = Sio = 55 (£(0) +4£(05) +2f(1) + -+ +4f(4.5) + f(5)]
= 1[0+ 4(4.67) + 2(7.34) + 4(8.86) + 2(9.73) + 4(10.22)
+2(10.51) + 4(10.67) + 2(10.76) -+ 4(10.81) + 10.81]

= 1(268.41) = 44.735 m

33. By the Net Change Theorem, the increase in velocity is equal to fo t) dt. We use Simpson’s Rule with n = 6 and

= (6 — 0)/6 = 1 to estimate this integral:

JEa(t)dt ~ Ss = 3[a(0) +4a(1) + 2a(2) +4a(3) + 2a(4) + 4a(5) + a(6)]

%
1[0 +4(0.5) +2(4.1) +4(9.8) + 2(12.9) + 4(9.5) + 0] = 3(113.2) = 37.73 ft/s

Z

~
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34. By the Net Change Theorem, the total amount of water that leaked out during the first six hours is equal to

f r(t) dt. We use Simpson’s Rule with n = 6 and At = = 1 to estimate this integral:
[r(0) +4r(1) + 2r(2) + 4r(3) + 2r(4) + 47(5) + r(6)]

[4+4(3) +2(2.4) + 4(1.9) + 2(1.4) + 4(1.1) + 1]
(36.6) = 12.2 liters

foﬁ r(t)dt = S =

Wi W= Wl

The function values were obtained from a high-resolution graph.
35. By the Net Change Theorem, the energy used is equal to fo t) dt. We use Simpson’s Rule with n = 12 and
At = (6 — 0)/12 = 1 to estimate this integral:

Jo P(t)dt = S1a = 22[P(0) + 4P(0.5) + 2P(1) + 4P(1.5) + 2P(2) + 4P(2.5)
+2P(3) +4P(3.5) + 2P(4) + 4P(4.5) + 2P(5) + 4P(5.5) + P(6)]
= (1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604)
+4(1611) + 2(1621) + 4(1666) + 2(1745) + 4(1886) + 2052]
= 2(61,064) = 10,177.3 megawatt-hours.

36. By the Net Change Theorem, the total amount of data transmitted is equal to fo t) dt x 3600 [since D(t) is

measured in megabits per second and ¢ is in hours]. We use Simpson’s Rule with n = 8 and At = (8—-0)/8=1to

estimate this integral:
fos D(t)dt ~ Sg = %[D(O) +4D(1) +2D(2) +4D(3) + 2D(4) + 4D(5) +2D(6) 4+ 4D(7) + D(8)]
~ %[0.35 +4(0.32) + 2(0.41) + 4(0.50) + 2(0.51) 4 4(0.56) + 2(0.56) + 4(0.83) + 0.88]
= 1(13.03) = 4.343
Now multiply by 3600 to obtain 15,636 megabits.
31. Lety = f(x) denote the curve. Using cylindrical shells, V = f 2nzf(z)dr = 2n f2 zf(z)dz = 2nl.

Now use Simpson’s Rule to approximate I
I~Ss= —)[2f(2)+4~3f(3)+2-4f(4)-|—4-5f(5)+2~6f(6)
+4-7Tf(7)+2-8f(8)+4-9f(9 ) +10£(10))]

[2(0) +12(1.5) + 8(1.9) +20(2.2) + 12(3.0) +28(3.8) + 16(4.0) + 36(3.1) + 10(0)]
(395.2)

~
~

119
3
1
3

Thus, V =~ 27 - £(395.2) ~ 827.7 or 828 cubic units.

18—-0

18
38. Work = , f@) e So = Z—==[£(0) + 41(3) + 2£(6) + 4£(9) + 2 (12) + 4£(15) + £(18)]

=1-198+4(9.1) +2(8.5) + 4(8.0) + 2(7.7) + 4(7.5) + 7.4] = 148 joules

2
39. Volume = Trfo2 (V1+23)" dz = 7rf02 (1 +x3)2/3 dz. V = - Sio where f(z) = (1 +x3)2/3 and
Az = (2-0)/10 = 1. Therefore,

Vam- S =m5l5 [£(0) +4£(0.2) + 2£(0.4) + 4£(0.6) + 2/(0. 8) +4£(1)

+2f(1.2) +4f(1.4) + 2f(1.6) + 4£(1.8) + £(2)] ~ 12.325078
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40. Using Simpson’s Rule with n = 10, Az = Z£2 [, = 1, 0y = 42Z radians, g = 9.8 m/s?, k? = sin?(160), and

10 180
f(z) =1/4/1 — k2 sin? z, we get

L /2 d
T:41/—/ __ Az 4/t
9 Jo 1—k2sin’z g

=4/ 35 (F5) [£0) + 47 (35) +2f (55) + - + 47 (55) + £ (5)] ~ 2.07665

NZ%sin?k wNdsin6

M. 1) = 5 Where k=——: N =10.000,d = 10"%, and X = 632.8 x 107°. So
104)? sin® k 7(10*) (107%)sin @ 10-° 6
16 = L) IE e — _ el o L BT
(9) 2 where 6328 X 109 .Nown =10and A8 = 10 =2x107",
50 Mio = 2 x 10~ 7[I(—0.0000009) + I(—0.0000007) + - - - + 1(0.0000009)] = 59.4.
2. f(z) = cos(nz), Az =22 =2 =
Tio = 3{f(0) +2[f(2) + f(4) + -~ + f(18)] + f(20)}
= 1[cos 0 + 2(cos 27 + cos 4m + - - - + cos 18) + cos 207]
1421 4+14+14+1+14+1+1+1+1)+1=20
The actual value is f020 cos(rz)dz = +[sin mc]go = L(sin20m — sin 0) = 0. The discrepancy is due to the fact

that the function is sampled only at points of the form 2n, where its value is f (2n) = cos(2nm) = 1.

43. Consider the function f whose graph is shown. The area f02 f(z)dz y
is close to 2. The Trapezoidal Rule gives
Ty = 2 [f(0) +2f(1) + f2)) =31 +2- 1+ 1] =2
The Midpoint Rule gives
Mz = 52 [f(0.5) + f(1.5)] = 1{0+0] =0,

so the Trapezoidal Rule is more accurate.

44. Consider the function f(z) = |z — 1|.0 < z < 2. The area
f02 f(x) dx is exactly 1. So is the right endpoint approximation:
Ry =f(1)Az+ f(2)Az=0-1+1-1=1 But Simpson’s Rule
approximates f with the parabola y = (x — 1)2. shown dashed, and

52 = B2 (£(0) + 45(1) + 7) = 5

2

45. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and
Midpoint approximations on the subintervals [z;—1,z:],4=1,2,... ,n, we can focus our attention on one such
interval. The condition f”/(z) < 0 for a < z < b means that the graph of f is concave down as in Figure 5. In that
figure. T, is the area of the trapezoid AQRD, f: f(z) dz is the area of the region AQPRD, and M, is the area of
the trapezoid ABCD.so T, < f: f(z) dz < Mn. In general, the condition f" < 0 implies that the graph of f on
[a, b] lies above the chord joining the points (a, f(a)) and (b, f(b)). Thus, f: f(x)dz > Tn. Since My, is the area
under a tangent to the graph, and since f < 0 implies that the tangent lies above the graph, we also have

My, > [° f(z) de. Thus. Tn < [, () dz < M.
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46. Let f be a polynomial of degree < 3; say f(z) = Az> + Bx? + Cz + D. It will suffice to show that Simpson’s
estimate is exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum

of exact estimates is exact. As in the derivation of Simpson’s Rule, we can assume that o = —h, z; = 0, and

22 = h. Then Simpson’s approximation is
b f(@) da ~ Sh{f(=h) +4£(0) + f(h)]

= 1h[(~AR® + Bh® — Ch + D) + 4D + (AR® + Bh? + Ch + D)]
= $h[2Bh® +6D] = 2BR® + 2Dh

The exact value of the integral is

J24(A2® + Ba? + Cx + D)dz =2 [*(Ba® + D) dz  [by Theorem 5.5.7(a) and (b)]
=2[1B2® + Dz|; = 2BK® +2Dh
Thus, Simpson’s Rule is exact.
4. T, = 5 Az[f(zo) + 2f(z1) + - + 2f(Tn-1) + f(zn)] and
M = Az [f(T1) + f(T2) + - + f(Tn-1) + f(Tn)]. where T; = 2 (zi—1 + z;). Now

Ton = 5(3A2) [f(z0) + 2£(T1) + 2f(z1) + 2f(Z2) + 2f (22) + - - -
+2f(@n-1) + 2f(zn-1) + 2f (Zn) + f(zn)]
50 3(Tn+ Mn) = 1T, + LM,
=3 Az [f(0) + 2f(z1) + - + 2f (Tn—1) + f(zn)]

+ 1Az [2f(Z1) + 2 (@2) + - + 2f (Ta-1) + 2£(Tn)]
=T2n

n—1 n
4.7, = % [f(:co) +2) flz:) + f(:cn)J and M, = Ame(zi - %) 50
i=1 i=1

W=

n—1 n
To+ 3M, = 1(T, +2M,,) = % [f(zo) +2Z f(@i) + f(zn) +4Zf<wi - %)J
i=1 =1

where Az = b-a

. Let bz = b-—_a. Then Az = 26z, so
2n

P 6 i
$Tn+5Mn = [f(wo) + 2;1 F@) + f(zn) + 43 f(a: - 6$)J

i=1

= 36z(f(z0) + 4f(z1 — 6x) + 2f(x1) + 4f(z2 — 6z)
+2f(z2) + -+ 2f(Tn-1) + 4f (zn — 62) + f(zn)]

Since zo, z1 — bz, 1, 22 — bz, Z2,... ,Tn-1,Tn — 8z, T, are the subinterval endpoints for Sa,,, and since

—a . . .
is the width of the subintervals for S, the last expression for éTn + %Mn is the usual expression for

b =

San. Therefore, 1T, + 2M, = Son.
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1.8 Improper Integrals

. gt P . L . .
1. (a) Since f1°° z*e™® dz has an infinite interval of integration, it is an improper integral of Type I.

(b) Since y = sec z has an infinite discontinuity at z = 7., f0"/2 sec z dx is a Type 1l improper integral.

2
(c) Since y = ———————— has an infinite discontinuity at x = 2, / ——dzxi i
Y (z —2)(z —3) Inuity at = 5046 dz is a Type Il improper

integral.

0
(d) Since / 715 dz has an infinite interval of integration, it is an improper integral of Type 1.

— 00

2. (a) Since y = 1/(2z — 1) is defined and continuous on [1, 2], the integral is proper.

(b) Since y = 1
2x

1 dz is a Type II improper integral.

1
has an infinite discontinuity at T = %, /
0 2xz—1

o s
(c) Since / 1811 ; dz has an infinite interval of integration, it is an improper integral of Type 1.
—oo

(d) Since y = In(z — 1) has an infinite discontinuity at z = 1, ff In(z — 1)dz is a Type Il improper integral.

3. The area under the graph of y = 1/2% = z 3 betweenz = land z =t is

At) = fltm”s dr = [—%x”]i = —%t_2 -(-3) = 3 - 1/(2t2) .Sotheareaforl <z < 10is
A(10) = 0.5 — 0.005 = 0.495, the area for1 < z < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for

1 < z < 1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for z > 1is
Jim A(t) = lim L -1/2t%)] =3

4. (a) | 1

N 9
.
f < f g
0 10 0 100
(b) The area under the graph of f fromz =1ltoz = tis
t F@t) | G(t)
t —1. —0.17¢
F(t)= [} f(2)dz = [} 2" de = [-g7= "], 10 | 206 | 259
=—10(t** —1) =10(1—¢t7"") 100 | 3.69 5.85
. 10* | 6.02 | 15.12
and the area under the graph of g is
106 | 749 | 29.81
_ 17t
G(t) = [f g(z)dz = [} 2~ *%dz = 552 ]} 10 | 9 90
=10(t>" — 1) 10%° | 9.9 | 990

(c) The total area under the graph of f is lim F(t) = lim 10(1 —¢%) = 10.

The total area under the graph of g does not exist, since thr& G(t) = tllglo 10(°t — 1) = oo.
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3z +1)2 t—oo J; (3x 4+ 1)
—1——dac:l idu [u=3x+ 1, du = 3dx]
( 3/ u?

bl 1 t 1
5. I:/ (——d:c: lim —-—Z-dm‘ Now
1

3z +1)2
1 1
= —— = —— C'7
3u+C 3(3z+1) +

1 ¢ 1 1 11
=1l ———| =1 -+ | =04+ = = —. Convergent
sol = lim [ 3(3z + 1)} A [ 33t +1) 12] 1212

0 1 . 0 1 . . 1 _ 0 . 1 1 P _
6 [ grgde= i [C ot an= tim (3o 5110 = Jim 3105 2inj2e 5] = oo

t— —o0
Divergent
-1 1 -1 _
1. dw = lim/ = hm 2V2—w [u=2—w,du=—dw]
= [ = 2va],

= lim [—2\/—4—2\/ —t] =oco. Divergent
t——o0o

® g im [ — gy L[ L] = 3 Jim (o +1>
v, wrme =i [ e g [ g (e
=10+1) = 3. Convergent

o _—y/2 5 y/2 g, _ [ y/z] — T (_0a—t/2 -2y _ %¢™2 — 962
9 [Ce dy = hmfe dy = Jim | —2e . tllglo( 2e +2e7%)=0+2e e

Convergent

0. [ edt= lim [Tledt= lim [—%e"%];l = lim [-3e®+1e7®] = co. Divergent

T——00 r— —00

oo 0 (o)
. rdx :/ rdr +/ rdr and
oo 1+ 22 oo 122 Jy 1422

0
/ x—dmztlir_n [3In(1+2%)]) = lim [0-2n(1+)] = —co. Divergent

oo 1+ 22 t——o0

12.I:f_c’ooo(2—v4)dv=11+fg=f_ (2- — o) dv + [(2 —v*) dv, but
I = , lim [2v - év5]$ = lir_n (-2t + Lt %) = —oco. Since I is divergent, [ is divergent, and there is no need
to evaluate I>. Divergent

B[ we do = [° ze* do+ [ 0o da,

0
Lore ™ do = tim (~3)[e"] = tim (~3)(1-¢) = -3 1= 1 ang

oo —z2 . —z2 t . —
fo ze dr = lim (—% [e JO:thx&(~%)(e t2—1) :~%-(—1):%.

t—o0 —
oo -2 5 _ 1,1 _
Therefore, [%° ze™*" dz = —3 + 35 =0. Convergent
3 3 _ 3
1. [ 2% dg = ffoo:cze “dz + [Cze™™ dz, and
0 2 -2, 1,-23]° _ 1, ; —t3 .
f;mx e " dr= lim [nge z L =-3+3 t_l}r_nooe = o0o. Divergent

t——o0

15. [*sinfdh = tlir{.lo f;ﬂ sinfdf = tlim [~ cos 0] ;r = tlim (—cost + 1). This limit does not exist. so the integral
b — 00 - 00

is divergent. Divergent
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16. [ cos® arda = Jim JI1(1+cos2a)da = lim [Ja+ Lsin2a]; = lim [1t+ sin2t] = oo since
—00 t— 00 0 t—o0 L2 4

|5sin2t| <  forallt, but 3¢t — coast — co. Divergent

® z+1 . t 12z +2) .
1. /1 21 2 dz = tgrg/l e dr = 3 lim [In(z? + 21’)]1 =1 lim [In(t® +2t) —In3|

t—o0 t—oo

= oco. Divergent

*  dz AR 1 z+1\7°
18. —— =1 — = i
/0 22432+2 tggo/o [z—i—l z—i—Z] dz tli>ngo [ln(z+2)]0
o t+1 1\| _ B
_tll,nolo {ln<t+2> —ln<§>] =Inl1+1In2=1In2. Convergent

(¢S] t 1 1 t . .
19. / se % ds = lim se % ds = lim [——se_ss - ——e_E’s] [by integration by}
0 5

t—oo Jq t—o0 25 parts with u = s

0
= Jlim (—1te™® — xe™™ +55)=0-0+ 5 [by I'Hospital’s Rule]
= 2—15 Convergent
6 6 6 by i ionb
20. / re’/3dr = lim re'"/*dr = lim [37‘€T/3 - Qer/s] Y integration by
oo t——oo J, t— —00 t parts withu = r

= lim (18¢® — 9¢? — 3te'/> + 9¢'/®) = 9¢* — 040  [by I'Hospital’s Rule]

=9e¢®. Convergent
t—o0

oo 27t 2
21. / }% dr = lim [(_ln;_)] (by substitution with u = Inz, du = dr/z) = tlim @;—) = oco. Divergent
1 1 -

2. f‘_’oooe_mdx:f_o e“dz + [ e " du, foooezdx:tlir_n Cigh =, lim_ (1—€)=1,and

[ e dz = lim [—e'z]o = lim (1—e™") = 1. Therefore, [ e7*lde =1+1 =2 Convergent

t—oo t—o0
0 22 oo 2 o 42
23. / / e —  _dx+ /0 g dz = 2/0 91 20 dz [since the integrand is even].
N dex w =z _ %du u=3v _ %(3‘1”) _1 dv
ow 0+ 26 |du=32%dz| ~ J 9+w? |du=3dv T ) 9+9w2 9/ 1402
1 (U 1 (=
== == = = - — C,

9tam lv+C= (3)+C 9ta.n 3 +

QD

<) w2 t $2
so 2 dr =2 lim x_2hm
0 9+ t—co Jo 9+ b

t—00

3
=2 lim %tam"1 <%> = ?—) . g = % Convergent

24. Integrate by parts with v = Inz, dv = de/z® = du=dz/z.v= ~1/(22%).
Inz tlng 1 b1t
L T e = _ 2 ~4q
/1 z3 dz = tlggo , z3 dz = tlgl;lg([ 222 In m} + 2/, 3 x)

. 1int 1,1 _1
=m<-§?2+°‘2@+4) =1

LA 1/ lim — = 0. Convergent

ince lim Int
siny etl»oo t2 t—»oo 2t T tooo 2t2
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25. Integrate by parts withu = Inz, dv = dz /2> = du=dz/z.v=—1/z.

t 11t . Int 1
/Ooln—fdz:nm m—fdm:nm [—h‘—“——] :hm<—T——+0+1>
1

T t—oo 1 X t—o0 X T 1 t—oo

=-0-0+0+1=1

t
since lim Int L tlim 1*{— = 0. Convergent
t— oo —00
t
° rarctanz rarctanz Tdx dx
S dr = 1 _—_ tu = arct dv = ——=. Thendu = ———,
2('3/0 (it 292 dx tlg& . (+29)? dz. Letu = arctan z, dv 0+ 27 1122
1 2z dx —1/2
== = , and
v 2/(1+m2)2 1+ a2
xarctanmd __1 arctanx +l dx T = tané,
(1+$2)2 z = 2 1+ x2 2 (1+:l:2)2 dz = sec? 6 do
2
_ larctanz l/sec29d0 Vi+x X
2 1422 "2/ (sec?6)
1l arctanxz 1 2 6
=" 4= 0do
2 1+ 22 +2/“’5 1
larctanxz 6 sinf cos@
= ol C
2 14 z2 +4+ 4 +
larctanz 1 1
:~§W+4arctanw+zl+ - +C
It follows that
& xarctanzdx — lim 1 arctan z + 1 1 arctanx—{- 1 =z t
o (14222 7 ine| 2 1+22 4 41+a:2

lim larctant_i_ 1arc1:ant+1 ¢ =0+
tooo \ 2 1442 4 41+12)

Convergent.

21. There is an infinite discontinuity at the left endpoint of [0, 3].

dz . 3 dx . 3 .
N th%%/t 7" tgr& [2vz], = tg%l+<2\/§— 2\/1_5) =2v3. Convergent

28. There is an infinite discontinuity at the left endpoint of [0, 3].
/3 i /3 do m [22] 222 Divergent
x\/_ t_'0+ 3/2 _t_'0+ \/E , \/— H”é# \/- = Q. vergen

29. There is an infinite discontinuity at the right endpoint of [-1,0].
0 dx t dz -1 t 1 1
= = 1l b T -1 — 1 S .
/_1 2 = ot /_1 22 oo- [ z :,_1 o [ P —IJ oo. Divergent

° dx todx
30, = 1 =} [5_2/3]:~ 304 _)2/3 _3 ]:_:_
/1 Vz -9 tiré‘-/l Vo5 =m 2@ -9 = lm [2¢-9"°-$4)] =0-6= s
Convergent

3 t
dz dr 23 1 1
31'/ / /—bt/ — = lim |[-Z— = 1 - 2 :
ozt , Tt ot T O 3], il evr: 2 co. Divergent

-1

“dz i ' dz : .1 9t . . T
* /0 g /O Vi~ Jm [sinTta], = lim sin™'¢ = 2. Convergent
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33. There is an infinite discontinuity atz = 1. [**(z — 1)7*/® da = [He—1)"Yode + [

1 -1/5 . t —1 . t
-1 dzr = — /5 dop — 5(.. _ 1\4/5
Jo@—1) T t11r1r£ Jolz—=1) dz thrln_ [4(93 1) ]0

_ _ 33

[Pz -1 de = thr1n+ Be—1)"VPdr = lim, [g(m - 1)4/5] = lim [%
— t—1 t t—1t

Thus, 033(x —1)"Yodz = —24+20="7. Convergent

34. f(y) = 1/(4y — 1) has an infinite discontinuity at y =

=l [E t—1)4/5 —
i—»rln_ 4( )

16— 2(t —

1 1
1 1
dy= lim dy = lim Lin 4y — 111
/1/4 y—1 t—/a+ S, dy—1 Yy o (1/4)+ [4 n |4y l]t

= i Iin3— L4t -1)] =
t—.(llr;i)+ [iln 2 In( )]

1 1
1 1

SO / ——— dy diverges, and hence, / dy diverges. Divergent
1 1 0o 4y—1

/4 4y —
35. [ secxdz = fo"/z secxdz + [, secz dz. f(;r/2 secxdr = lim [)seczdz
t—omw/27
t
= lir}l2 [1n|seca:+tanx|] = lim In|sect+ tant| = oco. Divergent
t—mw/27 0 t—omw /27

35./04362”_ /<m+3>w—2> /02<m—2§fw+3)+/:<7%5’*‘“d

2 t
dz . 1/5 1/5 . . 1
S A A fi = lim |=1
[ oyt |25 - 5] e o tons i 51
= tl_igl_ % [ln %‘ —In %] = —oo. Divergent

1 T 0 e~ 1
37. There is an infinite discontinuity at z = 0. / ¢ _dr= / dz + /
et —1 ec—1

e
et —1

T

dx.

z—2
z+3

(z — 1)~/ dz. Here

5| - _5
4]— 5 and

1)4/5} - 20.

)

0 z t z t
/ € _dz= lim Ie 1da:=£rg}_ [ln|ez—1|]_1=tE131_ [lnlet—l‘—ln‘e'l—lu = —00,

et —1 t—0— J_1 €% —
1 e 1 e

SO dz is divergent. The integral
et -1 o €~

dz also diverges since

1 e ) 1 e L - 1_ . _
/0 dr = lim d:l:——tgré’l+ [1n|e —1|]t = 11m [ln|e—1| In|e —1|] =

er —1 t—o+ J, e*—1
Divergent

2 z-3 3/2 -3 /2 z—3
8. dr = d dz and
3 /0 273" /0 20 —377" ),,20-3

rx—3 1 2z — 6 1 3 1 3
_ P — de =iz —3In|2z - 3|+ C.
/2m—3dm 2/2m—3d$ 2/[1 237f3] z =gz —ghnf2e =3+ Cso

3/2 £ -3 .
/ dac = lim 3 [2:5 —3In|2z — 3|] = oo. Divergent
0 2z t—3/2-
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3 2
39. I:fo2 2Ilnzdz = lim+ft2221nzdz 2 lim {;—2(31nz— 1)]

t—0+ t
= lim [§BIn2-1) - 5°@Int—1)] =§n2-§ - ¢ lim [*Bnt-1)] =§In2-§ - 3L
t—0+ t—0
. . 3lnt—1w . 3/t .
— 3 — — 3\ — —
Now L = tgréqu [t*(BInt —1)] = t£%1+ = - Jim my i tEr(I)lJr(—t ) =0. Thus, L = 0 and
1= %ln? — %. Convergent

t

ln\/fd:v— lim ln$dm— hm <[2\/—lnx] —2/1d—$> = hm( 2vtlnt -4 [\/—]1)

v t—0t
— lim ( 2viint—4+4vi) = -
t—0+
since lim vtlnt = lim Int u lim 1/t lim (-2v/t) =0. Convergent
t—0t t—o+ t—1/2 t—0+ —t~ 3/2/2 t—0t

o0
Area = i = _z
/0 w2+9dz t]i>oo o m2+9d$

— 3 1 ‘ = li ;
t—oo J, x2+9dm_4tl—l»nolo {5 tan 3]0 _tlgg [Eln(x +9)]0
— 1 9 2 —
_g llm [tan_lz_OJ :éI:2—ﬂ- B 2t1_1’n;1° [ln(t +9)_1n9] -
t—oo 3 3 2 3 Infinite area
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45. 0

41. (a)

(b) ~1<sinz<1 = 0<sin®’z<1 = 0<

(Equation 2 with p = 2 > 1), /
1

t [{ 9(z)dz
2 | 0.447453
5 | 0.577101
10 | 0.621306
100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

t [5 g(x)dax
5 3.830327
10 6.801200
100 23.328769
1000 69.023361
10.000 | 208.124560

Area = fo"/Q sec’zdr = lim fot sec? z dz
t(m/2)—
= lim [tanz]!= lim (tant—0
t(m/2)~ [ lo t—v(7r/2)—( )
=00

Infinite area

0 0
1 1
Area:/ ——dz= 1l /—————d
Ve TN ), Va2
= 1 0: 1 —
Jim [QML tllill2+(2\/§ 2Vt+2)
=2v2-0=22
sin’ z
9(z) = —3

It appears that the integral is convergent.

a2 [e <]
sin® x 1 . 1 .
5 <. Since - dx is convergent
T T 1 T

dz is convergent by the Comparison Theorem.

Since [, f(z) dz is finite and the area under
g(z) is less than the area under f(z) on any
interval [1, ], [ g(z) dz must be finite; that is,

the integral is convergent.

1
g(z) = o1

It appears that the integral is divergent.
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1 1 . 1 . . .
- — < . Smce/ —= dz is divergent (Equation 2 with
by Forz >2,\/z>/z -1 = NN T g q

p= % <1, / \/El— 1 dz is divergent by the Comparison Theorem.

Since [, f(z) dz is infinite and the area under

g(z) is greater than the area under f(x) on any
interval [2, ¢], f2 z) dz must be infinite; that

is, the integral is dlvergent.

-0.5
cos® 1 1 * 1 . . . *® cos’z
<—— < —. — > t by Equation 2 withp = 2 > 1, d
49. Forz > 1, 1322 1722 <32 /1 = dz is convergent by Equation 2 with p > so/1 1122 T

is convergent by the Comparison Theorem.

— e o)
2+e > -32; [sincee™ > 0] > i / % dz is divergent by Equation 2 withp =1 < 1, so
1

50. Forz > 1,

24+e® .
dz is divergent by the Comparison Theorem.
1 z
5. Forz > 1,z +e*®* >e* >0 =

® o . 1 o]t 1 5 1 5] 1 _ e,
/ e dr = lim |-Ze % = lim |—=¢ %+ -e7?| = Ze2. Therefore, e dris convergent,
. 2 2 2 2 .

t—oo 1

oo
and by the Comparison Theorem, / is also convergent.

1 THe
x z 1 * 1 .
52. Forz > 1,0 < \/ﬁ \/_ == ot /1 o dz is convergent by Equation 2 with p=2>1,s0
x . .
/1 \/—ﬁ dz is convergent by the Comparison Theorem.

1 1 /2 dr /2
53. — > —on (0, Z|since 0 < sinz < 1. = =1l = = /2
peprapeln (0, %] since 0 < sinz < 1 /o - tExngr t = tgrglJr [In )"

is also

/2 /2

T . .
Butlnt —» —coast — 0%, so / —- is divergent, and by the Comparison Theorem, / -
0 z o zsinz

divergent.

-z

e

1
A

5. For0<z<1l,e*<1 =

-z

dz

1 1
1 . . le
/0 7 dz = tEIgl+ t 7 dx = thr;l [2 \/—] = hm (2 -2 \/_) = 2 is convergent. Therefore, /0 =

is convergent by the Comparison Theorem.



640 O CHAPTER7 TECHNIQUES OF INTEGRATION

o2 dx 1 oo 1 .
55'/ =/ ad +/ ____dz — i / dz . dz
o Ve(4z) Jo Vz(l+z) Ji Vz(l+a) Jim, ) ——\/E(1+x)+tll.“§o/l NCIETE
dz . 2u du 5
\/5(1+x)_/u(1+u2) [w= v,z =u’,do = 2udu]

. du -1 B
_2/1+u2:2tan U+C=2tan 1\/5""0,

e dx _
so/0 VAT :tl—l»%l [2tan 1\/_] + lim [2tan™ 1\/—]

Now

= lim [2(F) - 2tan”'V2] + lim [2tan™ 'Vt -2(2)] =2 -0+2(3) -3 =

t—0+

56./ z :/3 z +/°° de s /3 dz I ¢ x
zvVz2 -4 xvVz? —4 3 w\/x2—4_t—>n21+ ¢ x\/:cz—4+t—lgl°/3 m\/a:2—4ANOW
2sec tan6df
/w\/:?_— / 5secf2tand [z =2sech, where 0 <0 < m/2orm < 6 < 37m/2]

19—+—C— 5 sec” (% )+C SO

1 1
d
5. Ifp =1, then/ &~ lim dz _ lim [Inz]; = co. Divergent.
0

P t—o0t )y T t—0+
1 dm 1

. d . . . .
If p # 1, then /0 i tl_l»%l+ ) —J:% (note that the integral is not improper if p < 0)

P! 1 1
= lim |—— lim — |1 - —
t—ot | —p+1 t—vO+ 1—-p tp—1
1
Ifp>1,thenp—1>0,s0 e oo as t — 0T, and the integral diverges.

1 n Vdzx 1 . 1-p 1
Ifp<1thenp—1<0.s0— —0at—0"and [ — =-—7 lim (1-¢'77)| =——
tp—1 o 2P 1—p [t—0t

Thus, the integral converges if and only if p < 1, and in that case its value is

1-—

if

58. Letw = Inz. Thendu = dx/x = / __w_p = / i— By Example 4, this converges to !
. z(lnz 1 UP p—

p > 1 and diverges otherwise.

59. First suppose p = —1. Then

/ pln:rdx—/ }Efdx— lim Md$~ hm (5 (lnm)] =-1 lir§+(lnt)2:—oo.
0 —0t t—

t—0t T

so the integral diverges. Now suppose p ;é —1. Then integration by parts gives

» z.p+1 P Zp+1 xp+1 c 0
Inzdz = Inz — dr = Ing — ——— +C.Ifp< —1,thenp+1 <0, s0
/m nEar =gty /:v+1 TPl (p+1)? P P

1 p+1 p+1 71 _ 1
/ 2P lnzdzr = lim r hr-—— :——1—5— (—L—) lim [t”“ <1nt————>] =00
0 t—o+ | p+ 1 +1)2], (p+1) p+1/tm0t +1
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Ifp>—1,thenp+1>0and

! -1 1 o Int-1/p+)w -1 (1 ) 1/t
/0 2" Inzdr = (p+1)2 <p+ 1> tk,%i t—(p+1) T (p+1)2 p+1) o+ —(p+ 1)t=(>+2)

~1 1 . -1
—_— 1 tp+ ==
P+ 12 1) emgr p+1)2

5 if p > —1 and diverges otherwise.

1
Thus, the integral converges to — ————
& & (p+1)

(o] t
60. (a) n = O: /0 z"e dx = tlingo ; e “dx = tl_i{rQlQ [—e_m];
=Jim [-e*+1] =0+1=1
e 5] t
n=1 / z"e "dr = lim [ xe *dz. To evaluate /:ve_mdx, we’ll use integration by parts
0

t—o0 0

withu =z, dv=e""dr = du=dz,v=—e°%.

So/me_zdx =—ze " — / —e fdz=—ze " —e *4+C=(-—z—1)e *+C and

t
lim [ ze *dz = lim [(-z — l)e_m]f)

t—oo 0 t— o0
= [t = De™ 1] = Jim [~te™ - e~ 41]

=0-0+1 [usel'Hospital’s Rule] =1

e} t
n =2 / z"e "dzr = lim | z’e *dz. To evaluate /z2e_’”dx, we could use integration by parts
0

t—o0 0

again or Formula 97. Thus,
t t
lim z?e ®dz = lim [—x2e_z]; + 2 lim ze “dx
t—o0 0 t—o0 t—o0 0
=0+0+2(1) [useI'Hospital's Rule and the result for n — 1] =2
oo t t
n=a3: / z"e %dr = lim 22 %dz Z lim [—a:3e_z]t + 3 lim zle %dz
0 t—o0 0 t—o0 0 t—oo 0

=0+0+3(2) [use’'Hospital’s Rule and the result for n — 2] =6

(b) Forn = 1, 2, and 3, we have / z"e “dz = 1,2, and 6. The values for the integral are equal to the factorials
0

[e <]
for n, so we guess / z"e ®dx = nl.
0

oo e} t
(c) Suppose that/ z*e®dz = k! for some positive integer k. Then/ ¥t ey = tlim " e %4z,
0 0 = /o

To evaluate /xk+le‘1dx, we use parts withu = 25! dv = e %dz = duy — (k+ )zFde, v = —e~=.

So /:ckHe—’dm = —ghtleme _ / —(k+1)z*e™"de = —g*+1e— 4 (k+1) /xkefxda: and

t t

tlim *e™"dz = lim [*:c’““e‘m]; +(k+1) lim t*e "dz
— Jo t—oo t—oo 0
= lim [—t**e™ 4 0] + (k+ 1)k =0+0+ (k+ 1) = (k+ 1)1,
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so the formula holds for k£ + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the
formula holds for n = 0, too.)

61. @ I = [% zdr = fi)oozda:—k J° zdz, and
INETE Jim [ zdz = Jim [%af]; = lim [3t° — 0] = oo, so I is divergent.

t ¢ .
) [*, zdz = [32°], = 5t° - 12 =050 Jim [*, zdz = 0. Therefore, [* zdz # Jlim [, zdz.

M _ 4 e kw2
62. Let k = —— so that 7 = —= k*/2 / v3e™*Y" dv. Let I denote the integral and use parts to integrate I.
0

2RT N
Leta:v2,dﬂzv6_k"2 dv = da:2vdv,ﬂ———2lke kv?,
. 1 o 2]t 1 [ _ 1 2y 1 1 2]t
I = 1 a2 kv = kv? - = <2 —kt ) T = kv
tiff}o[ ok € L+k/0 ve ™ dv=—op lim (t% + g dm |~ 5ge .
H 1 1 1
B A T

Thus. 3 — L k3/2 . 12 _ 2 _2V2VRT _ [8RT
e 2k~ (km)'/2 " (xM/ (2RT)]'/? VM ™

oo 2 t t
63. Volume:/ 7r<1> dr = m lim d—f:w lim [—l} =7 lim <l—l> =r < 00.
1 T t—oo 1 T t—oo T t—o0 t

1
t

-1 1 GMm
= li —_— =) = —
GMmtlm ( 7 -+ R) R

64. Work = / G%m dr = lim GMm
R

t—oo Jp

dr = hm GMm[ 1]
T lr

where M = mass of Earth = 5.98 x 10°* kg, m = mass of satellite = 10°% kg,
R — radius of Earth = 6.37 x 10° m, and G = gravitational constant = 6.67 x 107"} N-m%/kg.
6.67 x 10711 - 5.98 x 10%* - 10°

— ~ 10
Therefore, Work = 637 x 10° ~6.26 x 107 J.
oo t
65. Work = / Fdr = lim szM dr = hm GmM ( L 1) = G_m_]\i The initial kinetic energy
R t—oo Jp T t—o0 R t
M
provides the work, so 5 mv% = ET%AE = vo = EC—;R—

z(r)dr and z(r) = 1 (R — r? =

R
66. 1(s) :/ \/__2—’"_—

1 T(R_T)zd — 1 __2_R_T_+_R_2-
yio) = lim | e T 2N, v
R 3 2 R
) ridr redr 2/ rdr ]
~1 T _or| L=+ R
tl‘&[ . VrE—s2 /2 — g2 . JrZ—s?

R
t
= lim (Il — 2RI+ R 13) =1L

t—><
For I;: Letu = v/r2 —s2 = w2 =12 — g2, r? = u? + s%, 2r dr = 2udu, so, omitting limits and constant of
integration,

2, 2
I1=/(u—tf—ﬁdu:/(u2+s2) du:§u3+s2u:%u(u2+382)

=1/r2 = s2(r? = s* +3s%) = 3V —s2(r* +25%)
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For I: Using Formula 44, I, = \/ —32—}— 1n|r+~/ ..32|

du 1

ForIs: Letu =72 —s®> = du=2rdr. Thenls = \/_ =52 — 52,
Thus,
R
: 1./ 2 2 r — 2 _ 2 2 /2 _ 2
L:tET+ [3 r2—s2(r + 2s )—2R<2 s?2 + — ln’r—l- s >+R T2 —3 ]t

:tligl+[§\/W(R2+2s2)—2R<§ R2—s2+3—221n‘R+\/m|>+R2\/R2——32]
— lim [% t2—32(t2+2s2)—2R(% t?—s2+§1n}t+M|>+R2\/¥Q]

= [3VRT =5 (R® +25*) - Rs? ln;mm” [~Rs*In|s]

VR? — 2 (R? 4 25%) — Rs? h(@)

W=

67. (a) We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn
out after close to 700 hours, and a few overachievers to burn on and on.

y (b) 7(t) = F'(t) is the rate at which the fraction F(t) of
T y=Fl) burnt-out bulbs increases as ¢ increases. This could be
interpreted as a fractional burnout rate.

© [;°r(t)dt = lim F(z) = 1, since all of the bulbs will

eventually burn out.

0 700 t
(in hours)

s

oo
68. I = /0 tek dt = SIHEO [k—lz (kt—1) ekt} . [Formula 96, or parts]

. I e 1 4. 1
=JH&[<E“ e )"(‘ﬁ)]‘

Since k < 0 the first two terms approach 0 (you can verify that the first term does so with 1’ Hospital’s Rule), so the
limit is equal to 1/k?. Thus, M = —kJ = —k(1/k*) = —1/k = —1/(~0.000121) ~ 8264.5 years.

* 1 ! —1 7t . -1 -1 = ~1
69. ] = /a P dxr = tl_lﬁ)o/ o dx = lir?o [tan m]a = tl_lglo(tan t — tan a) =3 —tan " a.
I<0001 = 3 —tan” 14 <0.001 = tan~! a>%-0001 = a> tan(% — 0.001) = 1000.

0. f(z) = e and Az = iz0=1

Jo £(@)dz~ S = 555 [£(0) + 47(0.5) + 2£(1) + - + 2f(3) +4£(3.5) + £(4)]
~ £(5.31717808) ~ 0.8862

2
Nowz >4 = —z.2<-2.4 = = <e o f4°°e‘z2dz<f4°°e‘4zdm,

Ji e da = lim [~le~*e]l = _1(0 - e”'%) = 1/(4¢'®) ~ 0.0000000281 < 0.0000001, as desired.

t—oo
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N. (a) F(s) = /00 ft)e " dt = /oo
0 0

only if s > 0. Therefore F'(s) = % with domain {s | s > 0}.

n—oo

s ) e—st n ) e—sn 1
e *tdt = lim {— ] = lim ( + —). This converges to 1
n-—00 S 0 S S

oo
0

o0 n n
0 — S8

n—oo [q n—oo
. elt—o)n 1
= lim -
n—oo\ 1—3s 1-s

This converges only if 1 —s <0 = s> 1, in which case F(s) = ;—i—l with domain {s | s > 1}.

0

(©) F(s) = [ f(t)e " dt = Jim ;" te”** dt. Use integration by parts: letu =t. dv = e tdt =

—st

du:dt,vzfes . Then F'(s) = lim [—Ee_"t—lze_‘“t] = lim (i— L +0+i2> _ L
s

nooo | 8 s o n—oo \sem  sZem 52

. 1
only if s > 0. Therefore, F(s) = = and the domain of F is {s | s > 0}.

72.0 < f(t) < Me® = 0< f(t)e™st < Me*e™* for t > 0. Now use the Comparison Theorem:

/ Me®te *tdt = lim M e gt = M- lim [
0

n—oo 0 n—0o

et(“_s)] =M - lim ! [e"(a_"') — 1]

a—sS 0 n—oo @ — 8§

This is convergent only whena —s <0 = s> a. Therefore, by the Comparison Theorem,
F(s) = [5° f (t) e~*" dt is also convergent for s > a.

3. G(s) = [° f'(t)e™** dt. Integrate by parts with u = et dv=f(t)dt = du=—se ", v=f(t):
G(s) = Tim_ (S0 T% +5 2 S~ de = im f(m)e™ — 1(0) + 5F (s

But0 < f(t) < Me® = 0< f(t)e™™" < Me®te™*" and Jim Mete=) = 0 for s > a. So by the Squeeze

Theorem, tlirgo f(t)e st =0fors>a = G(s)=0- F(0) + sF(s) = sF(s) — f(0) fors > a.

74. Assume without loss of generality that a < b. Then

[° f(@)de+ [ f@)de= lim_[7f(z)dz+ Jim [} f(z)de

Il

lim_ [ f(z)da+ Jim [ ¥ f@)dz + [} f(z) dm]

= lim_[; f(z)dz + [? f(z)dz + lim_[* f(z)dz

im_[[7 f@)da+ [} f@)de] + [T f@)de

Jim [ f(@)dz+ ;7 fz)dx

= [*_f@)dz + [° f(z)dx
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2 .2
75. We use integration by parts: letu = z,dv =ze™* dz = du=dzr.v= —%e . So

_z2 . _z2]t (S g
[ zre™™ dz = lim [—%xe “’} +3 [ e d
0 t—oo 0

= lim [—t/(2et2)] +3 I e dy = %fom e~ dr

t—oo
(The limit is 0 by 1I’Hospital’s Rule.)
16. [~ e~ dz is the area under the curve y= e for 0 <z <ooand0 <y < 1. Solvingy = e~ for x, we get
y=e" = hy=-22 = - Iny=2* = z==£/~Iny. Since z is positive, choose z = v/~ Iny,
and the area is represented by fol v/—1Inydy. Therefore, each integral represents the same area, so the integrals are

equal.

T1. For the first part of the integral, let z = 2tanf = dz = 2sec2d9.

2sec? 6

1
/ﬁdmz/de:/sec@d&:ln|sect9+tan0|. From the

[r2
figure, tan 6 = g and secf = $T+4 So
o 1 C vzi+4 oz ¢
I= —_— =1 Y T2
/0 < o m+2)d$ tlggg{ln 5 +2’ Cln|x+2|}0
. V2 +4+t
= lim [ln%—C’ln(t+2)—(ln1—Cln2)J

2
= lim [m(——M‘l”) +1n2CJ

t—oo 2(t+2)¢

2
:ln(lim LVt ”tZ4> +1n20~!
t—moo (¢4 2)

NowL:limwgliml+t/ t2+4— 2
tmoo (t42)C  tmoo C(t+2)0 0 C lim (t+2)97"

IfC <1, L=ocand I diverges. IfC =1, = 2and I converges to In2+1n2° =In2. fC > 1. L = 0and |
diverges to —oo.

[ z C . 1
m i (5w = e e ) e

t—oo

= Jlim [In(s +1)"* < (3t + 1)°7°]

_ 2 4+1)"/° 2
= lim | In (%)cs =In| lim VT4l
For C < 0, the integral diverges. For C' > 0. we have

, 2 +1 t/ Vit
L:hm;mgim_/\_”l:lhm;

t—oo (3t +1)C/3 150 C@Bt+1)CA-1 7 C oo (3t +1)(©/D-T
ForC/3<1 & C<3, L= oo and [ diverges. ForC = 3, L = % and I = ln%. ForC >3, L =0and I
diverges to —oo.
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7 Review

CONCEPT CHECK

1. See Formula 7.1.1 or 7.1.2. We try to choose u = f(z) to be a function that becomes simpler when differentiated
(or at least not more complicated) as long as dv = ¢’ (z) dz can be readily integrated to give v.

2. See the Strategy for Evaluating [ sin™ z cos™ z dx on page 484.

3. If v/a% — z2 occurs, try « = asin §; if v/aZ + x2 occurs, try z = a tan §, and if v/z2 — a? occurs, try z = asecf.
See the Table of Trigonometric Substitutions on page 490.

4. See Equation 2 and Expressions 7, 9, and 11 in Section 7.4.

5. See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in
Section 7.7. We would expect the best estimate to be given by Simpson’s Rule.

6. See Definitions 1(a), (b), and (c) in Section 7.8.
7. See Definitions 3(b), (a), and (c) in Section 7.8.

8. See the Comparison Theorem after Example 8 in Section 7.8.

TRUE-FALSE QuIZ

1. False. Since the numerator has a higher degree than the denominator,
z(z? +4) 8z A B
z2 -4 _w+m2—4_x+m+2+m~2'
2. True. Infact, A=-1,B=C=1
. A C
3. False. It can be put in the form — + — + .
T T x—4

. A Bz+C
4. False. The form is < + e
5. False. This is an improper integral, since the denominator vanishes at z = 1.

4 1 4
T T T
= dx and
/Oz2_1dw /0 xz_ldm—i—/l R T al

1 t +
T . X . 1 2 . 1 2 _
= dr =1 {-lnw—l] = lim s In|t" =1 =00
[ Fe=im [ gyde= Jm [yl —1f] = lim il ]

So the integral diverges.

6. True by Theorem 7.8.2 withp = V2>1.

1. False. See Exercise 61 in Section 7.8.
8. False. For example, with n = 1 the Trapezoidal Rule is much more y
accurate than the Midpoint Rule for the function in the diagram.
0 51 a + b b x
2
9. (a) True. See the end of Section 7.5.
sinx

(b) False.  Examples include the functions flz) = e g(z) = sin(z?), and h(z) = -
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10. True. If f is continuous on [0, co), then fo x) dz is finite. Since [ f(x) dz is finite, so is
I f(@)dz = fo z)dz + [ f(z)d.

11. False. If f(z) = 1/z, then f is continuous and decreasing on [1, co) with IILIEO f(x) =0,but [ f(z)dz
is divergent.

2 Twe [T (f(@)+o(x)]do = Jim [} (@) + g(@)do = Jim ([} f(@)dw + [} g(x) d)

Il

Jim f: f(z)dz + Jim fat g(z)d

= f:o f(z)dz + f:° g(z)dz

Since the two integrals are finite, so is their sum.

since both limits
in the sum exist

13. False. Take f(x) = 1 forall z and g(z) = —1 for all z. Then [ f(z)dz = co [divergent] and
f:o g(z)dz = —co [divergent], but [ [f(z) + g(z)]dz =0 [convergent].

14. False. fo x) dz could converge or diverge. For example, if g(z) = 1, then fo z) dz diverges if
f(a:) = 1 and converges if f(z) = 0.

EXERCISES

1/5 dz = /5 P dm—{ ~10ln(z + 10)]°
“Jo z+10%° 7, z+10) T [FT e ]0
=5-10In15+10In10=5+10In {2 =5+ 10In 2

5 u=y, dv=e2%dy, 5
2 / ye O gy — [ 58ye=06y]5 / 506y 4
0 du = dy U=—§e_0‘6y [ 3Y ]0 | ( e ) y

=—%e'3—2 [—o,ey]z 235 -3 %(6—3_1)
=B -y BB a0,
_cosf /2
3. [ ‘ ] 2 _Ini—
/ TT 50 9 ln(1+51n0)0 In2—-Inl1=1In2

4_/4L UEEALL o ffdu_ 171)° 101 1\ _ 1/ 8\ 2
213 |gu—oat s Ul 4 [w?], 4\81 9) "a2\"8) st

5. Letu = secz. Then du = secz tanz dz, so

ftan7a:sec3xdm:ftanexseczmsecxtanzdz:f(u2—1)3u2du:f(u8—3u6+3u4—u2) du

1,9 3,7

_ 3 3.5
= U 7U +5u

1.3 9 5
—su +C = —sec m——sec x+ssec m—lsec z+C

1 1 A B
6- = = — M
Y-dy—12 (y—6)y+r2) y-6 yra = 1-AWUFD+BY-6) Letingy = -2 =

B———andlettmgy—6 = A= %So

1 1/8  —1/8
/y\2_4y_12dy:/ fﬂm)dwélnly—ﬁl—élnlywlw

7N
£
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in(Int
1. Letu = Int, du = dt/t. Then / S—Hitn—) dt = /sinudu = —cosu+ C = —cos(Int) + C.

8 Letz =tan6. —5 < 0 < 7. Then

/ dz :/ sec20df  [secdf  [cosfdf [ du .
z24/1 + 22 tan2f0secd | tan26 o0 / -z [put u = sin 6]

1 / 2
_lioo Lo YT o
u sin 6 T

4 w=Inz, dv=z?dz, 4
9,/ 2 Inzde — 2[ 5/21112}4_2/ 22 da
1 du=dz/r v= %x5/2 5 1 5

(324 —n1) - 2[2 5/2]1

2
5
2(641n2) — 5:(32 - 1)

:181 2_12254 (Or 64ln4_12254)

10. Let u = arctanz, du = dcc/(l + z?). Then

/1 ‘/arctanx / Vi du = _[ 3/2]7r/4 _ ;[iﬂ ~O] _2 17r3/2 = —1-7r3/2.

1tz

11. Let x = secd. Then

[z /3 /3 /3
/ da: = / ol secOtanfdd = / tan®0do = / (sec2 6—1)do
0 0

secf

=[tan0—0)7/°* = V3 - %

inr . .
5 isan odd function.
2 T

dx 1 T _ 1 2
13./m3+z:/(E—wz+1)dm—ln|m|—§ln(m +1)+C

14. /:c +2dw:/<x—2+-—i—2>da¢=%m2—2m+6ln|x+2|+0

1 .
12 / SINT_ . _ 0 by Theorem 5.5.7(b). since f(z) = —
L1+ 1

15, [ sin® 6cos® 0.d0 = [ sin® 6 (cos®6)” cos6.d0 = [ sin® 6 (1 — sin’ 6)® cos 6 df
=[u*(1 —u2)2 du [u=siné, du = cosfdf] = fu* (1 —2u® +u?) du
:f(u2—2u4+u6)du:%u3—§u5+%,u7—|—C:%sin30—%sin50+%sin79+0

6 2 2 .02 u = tan@,
16. / 86020 dG:/(tan 0+ 1)*sec 0d0 [ ]
tan® 6

tan? 6 du = sec® 0df

4 2 1
/(_u;gn_d /u_+_2g_+1du:/(uz+2+_2>du
. u u u

tan® @ + 2tand —cot 0+ C

1
3
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17. Integrate by parts with u = z, dv = secztanzdr = du =dz, v = secx:
Jzsecz tanzdz = rsecx — [seczdz 2 gsecx — In|secz + tanz| + C.

z°+8c-3 12*+8-3 A B C

18 3 +322  x2(z+3) S teE o3

= 1z’ +8z—3 = Az(z+3)+ B(z +3) + Cz>.

Taking z = 0, we get —3 = 3B, so B = —1. Taking z = —3, we get —18 = 9C, so C = —2. Taking

z=1weget6 =4A+4B+C =4A-4—-2,504A = 12and A = 3. Now

2 —_—
/de:/<§—l~i> d:c:31n|x|+%—2ln|m+3|+0

3 + 322 r z2 z4+3

19 /_w"'l_dm:/ z+1 dr = I*Hdm u=3c+1
“J 922 +6x4+5 (9z2 +6z+1)+4 (Bz+1)2+4 du = 3dz
tu-1 1 -
:/M )=l 1 f@=1+3
u? 44 3 3 3 u?+4

1 [ w 1 2 11 2 1 1
= — d — —_— - .= -1 -
9/u2+4 ”+9/u2+22d“ g g +4+5 Stan <2u)+C
1

= %5 In(92° + 6z +5) + S tan ' [L(3z + 1)] + C

zu/ dt :/ dt _/ dt bt m ot O
sint + cos 2t sin? ¢ + (cos? ¢ — sin’¢) ot | sec ant +

21,
\/x 2)? -2
X —4x

/\/W/\/ 4x+4 /m

=/2sec6‘tan6d6 T —2=2sech.
2tand dz = 2sec§tan 6 df =/sec0d6:lnlsec9+tan0|+C’1

-2 Ver—4z
n2+ 3

+ C; =ln‘z—2+\/:c2—4zl+C’,whereC=C’1—ln2

22. letu =2+ 1. Then

/ U~1)3 u® — 3u? —|—3u-1
z+1)10 w10 du

f( 8+3u_9—u‘1°) du:_éu—6+§u—7_§u*8+%u79+c

3 3 1

6(w+1) M CES T 0f " o@rp T C
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23. Letu = cot4z. Thendu = —4csc’dzde =

[esc*dzdr = [ (co‘c2 4z +1) csc’dadr = [ (u2 +1) (-1 du)

=—1(3u’ +u) + C = — 5 (cot® 4z + 3cot 4z) + C

2. Letu=cosz,dv=e*dr = du=—sinzdr,v=e" (x)I= [e"coszdzr =e"cosz+ [e”sinzdz.
To integrate [ e*sinzdz, letU =sinz, dV =e"dz = dU = coszdzr, V = e®. Then
fe’ sinzdr = e®sinz — fe’ coszdz = e®sinz — I. By substitution in (x), [ = e*cosz + e"sinz —1 =

2I = e®(cosx +sinz) = I=3e*(cosz+sinz)+C.

3:c3—m2+6a:—4_Aa:+B Czx+D

25, =
(x2 +1)(z2 +2) 2 +1 x2 +2

3z — 22+ 6z —4 = (Az + B)(z® +2) + (Cz + D)(a:2 + 1). Equating the coefficients gives A + C' = 3,
B+D=-1.2A+C=6,and2B+D=-4 = A=3,C=0,B=-3andD =2. Now

/3x3—x2+6:1:—4 / dx
O % TOv T = o
2 +2

(z2 +1)(z%2 +2)
= % ln(ar:2 + 1) —3tan 'z +v2tan™" (%w) +C

26. Letu = e®. Thenz = lnu, dx = d—; SO

dz_ _ M:/ 11 du=1lnu—In(u+1)+C=Ine” —In(1+e")+C
1+e® 14+u u u-+1

=z—-In(1+¢e")+C

: 2
2. f"/2cos zsin2zdz = ”/2cos3x(2sinzcosw) dw:f[;r/22cos4w51n:cda:= [—%cossw]g/ =

(SN

28. Letu = 7. Thenz = v® dz = 3u’du =
3 2
Vetlg, _/Eilsqﬁdu:s/(u +2u+2+——>du
Jr—1 u—1
:u3+3u2+6u+61n\u—1\+C:m+3m2/3+6€/5+61n|\3/§—1|+C

29. The product of an odd function and an even function is an odd function, so f(z) = z° sec x is an odd function.

By Theorem 5.5.7(b). f_1 z® secxdz = 0.

30. Letu = e_z, du = —e % dz. Then
*dx

—du
ez1/1_e—2m / 1_(€—z2—/,/1_u2

= —sin tu+C=—sin"'(e )+ C.
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3. Letu = +/e® — 1. Thenu? = €® — 1 and 2udu = €® dz. Also, €* + 8 = w2 + 9. Thus,

n 3 3 3 2 3
In10 , 1 _ u2udu:2/ u du:2/ (1_ 29 )du
e“”-|—8 o u?+9 o U249 0 u?4+9
% an1 ()] =2 3—3tn-ll)—o]—2(:’,—3-3>:65—3—7T
=2uogtan (5)0“ (3-3ta - 1 2
/4 :csmm u=z, dv=tanzsec’zdz,
32./ / ztanzsec’ ¢ dz L. o
o cosdz 0 du=dz v=jtan’cx
x /4 1 /4 2 T 2 1 m/4 9
= [z . S E Y ~1)d
—[2tan m] 2/0 tan” z dx 3 1°-0 2/, (secz — 1) dz
w1 w4 1 ™ T 1
= = — —_ == = =(]1—-—=) ===
5~ gltne <), 5-320-7) = 2
33. Letz = 2sinf = (4—:62)3/2:(2cos9)3,dz:20059d0,so
2
2 .
x 4sin® 0 x
/md —/ 02C089d9

= / tan” 0 df = / (sec®6 — 1) df Ja-x?

_ _ x w1 E
—tan9—0+C————4_w2 sin (2)+C

34. Integrate by parts twice, first with u = (arcsinx)?, dv = dz:

dzx
I= arcsinz)’dr = z arcsinz)? — /2xarcsinz (———)
[ csina da = starcsingy i

Now let U = arcsinz, dV =

z 1
dz = dU=———=dz,V =—-/1-22. §
Vi@ Vi—a v

I = z(arcsinz)? — 2[arcsin:z: (—\/1 - z2) +f dx] = z(arcsinz)’ + 2/1 — 22 arcsinz — 22 +C

2du

7=

2uY2 gy

1 - dz dz w=l+ve
35‘/ Ve + 232 d‘”‘/ Ve (1 +vz) _/ NN Lu= de J -

2V
=4Vu+C=4\1+z+C

1—tané osf _ sind cosf — sinf
36. do = cos 6 cgse do = / — .
/1+tan0 /%+§:§ cos 1 sing 20 = Inlcos 6 +sinf| + C

37. [(cosz +sin z)? cos 2z dz = J (cos2 Z + 2sinz cos z + sin? w) cos 2z dzx
= [ (1 + sin 2z) cos 2z dx = J cos 2z dx + 1 [sindzdz = 1sin2z — % cosdz + C
Or: [(cosz + sinx)? cos 2z dx = J(cosz +sinz)? (cos® z — sin? ) dz

= [(cosz + sinz)?(cos z — sin z)dz = ;(cosz +sinz)* + C,
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38. Letu = (tan™' m)z, dv=zdz = du=2(tan"'z)/(1+ z%) dz, v = 1z%. Then

1

2 —
’Z/wm”@%wﬁfmfmf—/L@Lgm

1+ 2

Now let w = tan™* z, dw = 1/(1 + z°) dz. and 2* = tan’ w. So

3102(tan_1 x)2 — [wtan® wdw = %mz(tan‘l m)2 — [wsec? wdw + [wdw

I=3
= %wz(tan_1 $)2 —(ztan™ 'z —Invaz2 +1) + : (tan_1 a:)2 [parts with u = w, dv = sec® w dw]
1(®+ 1) (tan™" a:)2 —ztan 'z +InvaZ+1+C

or 3 («? + 1) (tan™" z)2 —ztan 'z + Ln(z® + 1)+ C

2z
s _ xe . o _ dz
39. We'll 1ntegrate1—/mdz by parts with u = ze“” and dv = m.Then
1 1
du=(z-2¢** +e**-1)drandv=—7 -
u=(r- 2" +e )dz and v 5 1122 %
1 ze® 1 &2z +1) ze®® 1 15
I =—=. - o T = — e
2 1+2z /[ 2 T 1t2s ]m wrata2® ¢
1

2z = z
= (4 4m+2>+c
/2 pe2® s T 1/2 11 1 11
T dp= |- - —e(i oY q(2-0)=ce—2=.
Thus’/o (1+2a:)2dm [e (4 4x+2>L 6(4 8> <4 ) 8¢ 1

sin 6

40. / Vian® —/ﬂ/s-——ﬂ—dG—/W/Sl(sin&)'l/2(cose)—3/2d0
/4 s1n26 <4 2sinfcosf B nja 2
/3 1/ sin@ -1/2 2 /3 1 —-1/2 2
= = 6)~°df = —(tand 6de
/W/4 5 <cos€> (cos0) /,,/4 2( an) sec

:Maﬂﬁzwﬁ—ﬁzﬁ_l

Tl [ e
a1. ————dz = lim 11m 2z + 1) " 2dx
[ =i [ et ),
i 1 1 1] 1(0 1) 1
= _—— = —— J]1m —— = —— —_—— = e
1200 4(2:1:—}-1)2 T a4 1) 9 a\' " 9) 36
2+1 (FP-1)+2 2 2 A B
2 51 21 Yarne-n N ErneE-1n  t+1 T

2=A(t—-1)+B(t+1). Lettingt =1 = B=1andlettingt=-1 = A=-1.50

Ak R 1+——+—— dt = lim [t—ln|t+1|+ln|t~1|]b
o 2—1 so1-Jo t+1 1 b1~ 0

‘ t—111° .
= lim |t+1n = lim b+ 1In
b—1— t+1(], b1~

Z+ T ‘) —(0+ 0)} — —oo. Divergent
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u=Ing, du
43_/ dw dz :/—:ln|u|+C’=ln|lnw|+C,SO
zlnz |gy =22 u
x

co t . P
de_ _ lim do_ _ lim [ln |In z| ] = lim [In(Int) — In(In2)] = oo, so the integral is divergent.
s zlnz t-ooJ, zlnz toc 2 t—oo

4. Letu = \/y — 2. Theny = u® + 2 and dy = 2udu, so

2
/ ydy Iy +2)2Udu:2/(u2+2)d =2[1u® +2u] + C
u
Thas, [ LYy [T YWy, [3(y~2)3/2+4\/y—2]6
S V3 ), y—2 o2t L3 t

Il

lim [1—;+s_§( 2)3/2 _ 4F]

t—2+

‘nz ‘nz
. —dz = li —dr =1 2vzlnx —4
), Vel [ (2E e vE);

Jim, [(2-2In4-4-2) - (2vEInt - 4v1)] Z (4Ind4—8) — (0—0) = 41n4 — 8

1
(%) Letu:ln:v,dv:idac = du:;dm,v:Z\/E.Then

VT
Inz dz
dr=2yzlnz -2 [ —==2yzlnz -4z +C
vz e
2Int u 2/t

0 J, (20 = i, 55 2 i —E = i (-ave) -

46. Note that f(z) = 1/(2 — 3z) has an infinite discontinuity at z = 2. Now

2/3 1 t 1 L t
dr= lim dr = lim [—— In|2 -3 J
/0 2-3z t—(2/3)~ Jo 2 -3z t—(2/3)- L 3 n| i 0

=—3 lm [lj2- 3 ~In2] =
t(2/3)-

2/3 1 1
Si i ,
ince -/0 732 dx diverges, so does /0 732 dz

“"/osx?—di-z=/o3<x+fffx—z>:/02<z+1d<z~ /m

3 3
d _ -1/3  1/3 .1
%:I —_— = —_
/2 22—z—2 t_lgl+/t [:c+1+a:~2]dx tErf?Jr [3ln

1 t—2
=lim [f1lnd - -In|—2|| =
t—1>12n+[3n4 3nt+1 &0

T —2
r+1

)

3 dz .
S0 | mdwerges.
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1 1

z+1 0 1

48 _ -1/3 —4/3 _ ~1/3 - - -
/—1\3/de /_l(z +z )dw—[l(m A 4/3)da:+/0 (a: V3 4z 4/‘Q')dx‘But

fOl ($'1/3 + I_4/3) dz = lim ftl (x‘1/3 -+ I_4/3> dr = lim ['32‘$2/3 _ 3:1:_1/3] 1

t—0t t—0t+ t

= tEIgl+ [% -3 - %tz/g + 3t_1/3] = oo. Divergent

49. Letu = 2x + 1. Then

/°° dz /°° du 1 [° du 1 [ du
oo dz? +4z+5 _wu2+4_2/mu2+4+§/0 u?+4

Il

=3 tl?l_noo (3 tanfl(%u)]g +3 tl—l-»IEo (3 tan_l(%u)];

50 ® tan" 'z . ‘tan"'z
- = dr = lim = dz. Integrate by parts:

t—oo /g
/tar;;lccdw: ‘tag_lm +/%1—?—$$2 - _taz‘lx +/ E - x;:—l] e
:__taz__1£+1n|m|—%ln(m2+l)+cz _ta‘z_lx %lnm,fil +C
Thus,
[ e [ ] [ g 4

=0+1ilnl+Z+iln2=7F+3In2

B1. We first make the substitution t = z + 1, 50 In(z? + 2z + 2) = In[(z + 1) +1] = In(t* 4 1). Then we use
parts with u = In(t* + 1), dv = dt:

2 _ 2 _[t2dt _ 2 3 t2 dt
/m(t +1)dt=tIn(t* +1) /——t2+1 =tIn(t? +1) 2/——t2+1

=tln(t2+1) —2/ (1— t2:-1) dt=tln(t2+1) — 2t + 2arctant + C
=(z+1) In(z® + 2z +2) — 2¢ + 2arctan(z 4+ 1) + K, where K = C — 2

[Alternatively, we could have integrated by parts immediately with 4

u = In(2? + 2z + 2).] Notice from the graph that f = 0 where F has a /:

horizontal tangent. Also, F is always increasing, and f > 0. /</ / f
h4 B

-2
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4

52. Letu = z° + 1. Thenz®> = u — land z dz = 1 du, so

z3 _ [ (w=1) _l/ 12 _,~1/2) 4
/\/a:2+1dx_/ Ve () =3 (177 %) ~25 25
:%(%u3/2—2u1/2)+0 /
=3@+1)"* - @ +1) " +C

=1@®+1)"? [« +1) 3] +C

x2+1(x2—2)+0.

[

53. From the graph, it seems as though f02" cos? z sin® z dz is equal to 0. 0.2

To evaluate the integral, we write the integral as

I= foz" cos®z (1 — cos® z)sinzdz andletu = cosz =

du = —sinz dz. Thus, ] = fll u?(1 - u?)(—du) = 0.

-02

54. (a) To evaluate [ z°¢72% dz by hand. we would integrate by parts repeatedly, always taking dv = e 2% and starting

with u = z°. Each time we would reduce the degree of the z-factor by 1.

(b) To evaluate the integral using tables, we would use Formula 97

(which is proved using integration by parts) until the exponent of

[/ ]

x was reduced to 1, and then we would use Formula 96.
(©) [z dx
= —g€ " (42° + 102" + 202° + 3022 + 30z + 15) + C

5. u=e" = du=e"dz, so
fe’”\/l—ehd:c:f\/l—uzduazo%U\/l—uz-i-%sin_lu—}—(;’: %[e’”\/l—ez’;—f-sin_l(ez)] +C

56. [csc®tdt 2 —1cott esc®t+ 2 [esc®tdt

I3

—jcottesc®t 4 3[-Lcsct cott+ 2 Infesct — cott|] +C

:~icottcsc3t—gcsctcott+glnlcsct~cott[+C’
57-/ $2+$+ldm:/\/m2+x+i+%dm:/\/(x+%)2+%dx

:/’/u2+(3§)2du [uza:%—%.du:dxl
Q%u\/u—2+_g+%ln(u+,/u2+§)+c

2z +1
==z V@ trt+l+in(z+i+Valtaz 1) +C
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58. Let u = sinz. Then du = cos z dzx., so

57 with
cot x dzx _ du u:1.:1::2 N Vi+2u-—1 rC=1 V14 2sinz —1
V1+2sinz uv 1+ 2u V1+2u+1 - V14 2sinz +1 +C
d 1 u 1 1 1
59.(a)—{—— a2 —u2 —sin" (=) +C| == Va2 —u? - .
du| u (a)+ 2 Ve +\/a2—u2 \/1—u"’/a2 a

— (@) e ) 1 1] - Va? —u

o u? u?
(b) Letuw = asinf = du=acosfdb, a?—u?= a2(1 — sin? 0) = a2 cos? 0.

/\/az—u2 a® cos? 9 /l—sin20
02

2
prprk df’:/(csce—l)de:—cow_ew

sin? 6

2 _ 42
= _ye v —sin_l(%) +C

u

60. Work backward. and use integration by parts with U = w ™ VDanddV = (a + bu)—l/2 du =

—(n—-1 —
dU:_(—na’n);du-andV:% a+b’u,,t0get

du 2\/a+bu 2(n—1) [ Va+bu
— = [ UdV=UV - [ VdU =
/un—l /a + bu / / bun—1 b / un du

2\/a+bu n—l)/ a4 bu
bun=! u"\/a—l—bu

2\/a-l—bu (n-l)/ du n n—l)/
Tbhunt ur~1va + bu b u™va + bu

2 -1 24/
Rearranging the equation gives a(n — 1) / —_=va +1 - (2n —3) /
b ur vVa + bu bum~

du _ —Va+bu  b(2n-3) du
urva+bu a(n—1lur! 2a(n—1) ) un—1va+bu

\/a-%—bu

61. Forn > 0, [7° 2" dz = lim [z (n + 1)]?J =o0. Forn <0, [(°z"dz = [} a™dz + [° 2™ dz. Both
—00
integrals are improper. By (7.8.2), the second integral diverges if —1 < n < 0. By Exercise 7.8.57, the first integral

diverges if n < —1. Thus, > ™ dx is divergent for all values of n.

99 with

oo t bt e t
62. I = / e®coszdr = lim [ e*“cosxdr = hm [ —(acosz + sin x)}
0 t—oo Jo a® + 1 0
= lim —it——(acostﬁ—sint)——l—(a) -1 lim [e “t(qcost +sint) — a.
-taoo a2+1 a2+]_ a2+1t4>oo

For a > 0, the limit does not exist due to oscillation. For a < 0, lim [e?*(acost + sint)] = O by the Squeeze

Theorem, because |e®*(acost + sint)| < e (la| +1),s01 =
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b—a 1-0 1

fz)=v1+2% Az = ~ 1—o:ﬁ'
@ Two = 755 {f(0) + 2[£(0.1) + £(0.2) + - - + f(0.9)] + f(1)} ~ 1.090608
(b)Mlo__[f(z )+f(2o)+f(2o) '2_9)]’\‘1'088840

(©) S10 = 55 [f(0) + 4£(0.1) + 2£(0.2) + - - - + 4£(0.9) + f(1)] ~ 1.089429

f is concave upward, so the Trapezoidal Rule gives us an overestimate, the Midpoint Rule gives an underestimate,

and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate.

64. f(z) = Vsinz, Az = glgo :2—7;).
@ Tio = g5 {f(0)+2[f(F5) + F(Z)+  + F(Z)] + f(2)} ~ 1185197
() Mo = 35 [£(5) + F(55) + F(55) + -+ F(5F) + (%)) ~ 1.201932
© S0 = 5575 [£(0) + 41 (55) +2f(35) + - +4f(55) + £(5)] ~ 1.193089

65.

66.

67.

[ is concave downward, so the Trapezoidal Rule gives us an underestimate. the Midpoint Rule gives an

overestimate, and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate.
f@) = (L+2*)2 /@) = 3(1+24) 77 (42%) = 2% (1 + %) V2, f(z) = (22° + 62%) (1 + o I
A graph of f" on [0, 1] shows that it has its maximum at z = 1, so |[f"(z)] < f”(1) = V8 on [0, 1]. By taking

K(b—a)® 8
12n2 1200

K = /8, we find that the error in Exercise 63(a) is bounded by ~ 0.0024, and in (b) by about
3(0.0024) = 0.0012.

Note: Another way to estimate K is to let z = 1 in the factor 2z° + 622 (maximizing the numerator) and let z = 0

in the factor (1 + z*) —3/2 (minimizing the denominator). Doing so gives us K = 8 and errors of 0.006 and 0.003.

Using K = 8 for the Trapezoidal Rule, we have |Er| < —1{(11)2;7;)3 <0.00001 < 8(12—”3)3 < 100%000
2> 802’;)00 n 2 258.2, so we should take n = 259.
For the Midpoint Rule, |Eps| < ﬁzbnga)g) <0.00001 < n?> % < n 2 182.6, so we should
take n = 183.
4e® (4-1)/6
| 7 W Se = = [F(1) + 4F(15) + 2£(2) + 4£(25) + 2(3) + 4£(3.5) + f(4)] ~ 17.730438

At= (g -0)/10=%.

Distance traveled = 10 vdt ~ Sy

= 503140 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56]
= 135 (1544) = 8.57 mi
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68. We use Simpson’s Rule with n = 6 and At = 242 = 4:

Increase in bee population = fo r(t) dt =~
= 2[r(0) + 4r(4 ) + 2r(8) + 4r(12) + 2r(16) + 4r(20) + r(24))
= %[0 + 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0]

= £(60.800) ~ 81,067 bees
69. (a) f(z) = sin(sinz). A CAS gives

™ (z) = sin(sin z) [Cos4 T+ Tcos’z — 3] V\ /\ /\ w

+ cos(sinz)[6 cos® sinz + sin ) l \/ \A
From the graph, we see that ‘f(‘})(z)‘ < 3.8forz € [0,

(b) We use Simpson’s Rule with f(z) = sin(sinz) and Az = {5:

T fz) de ~ 175 [£0) + 4F(F5) +2f(35) + - +4f(§F) + f(m)] ~ 1.786721
From part (a), we know that \f(‘l) (z)\ < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8. and estimate the

6
3.8(m — 0)° _ 0.000646.

error as |ES| < W

(c) If we want the error to be less than 0.00001, we must have |Es| < —fg%";; < 0.00001, so
nt > Tof'ﬁ%ﬁj ~ 646.041.6 = n > 28.35. Since n must be even for Simpson’s Rule, we must have
n > 30 to ensure the desired accuracy.

70. With an z-axis in the normal position, at z = 7 we have C' = 2rr =45 = r(7) = i—g. Using Simpson’s Rule
withn = 4 and Az = 7, we have
f w[r(z)]? dz ~ Ss = %[O + 4m (52 ) +27r(—25—) +47r(—24—-) +0] = T(ZL818) »~ 4051 cm®
3 3

o0
. 1 . .
n. m:—l— 3 < % = ;1—2- for z in [1, 00). /1 s dz is convergent by (7.8.2) with p = 2 > 1. Therefore,

oo 3
/ 51: dz is convergent by the Comparison Theorem.
1 x5+ 2

72. The line y = 3 intersects the hyperbola y? - z2 = 1 at two points on its upper branch, namely (—2 V2, 3) and
(2 V2, 3). The desired area is

A= (3- V@ F1)de =27 (3- Va7 +1)de
2:2[3x—1z\/§c_2_—|——1_%1n($+\/w—2-:1‘)]3\/§
[6z—m\/551'1—1n(x+\/§i_+_)] =12v/2-2v2-3-1In(2v2+3)
=6v2-In(3+2V2)

Another method: A = 2 ff +/y2 — 1 dy and use Formula 39.
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73. Forz in [0,%].0 < cos’z < cosz. For z in [%,7]. cosz < 0 < cos® z. Thus,
area = [7/? (cos — cos? z) dz + J7)2 (cos® ¢ — cosz) dz

(s 1. 1g /2
—[51nx—2x—4s1n2z]0

=[0-5) -0 +[F-(5-1)] =2

+ [%$+isin2m —sin.’c]:/2

1
2+

! 1 1 Y1 1
- - = 2ud tu =
[ () e (o) wan = v
! u u ! 2 2
- /0 <_u—2_u+2>du-2/o <_1_u—2_1+u+2)du

1
“+2’—2u] —4In3—4
_2 0

1 1 . .
74. The curves y = are defined for x > 0. Forz > 0, 2-_—\/5 > m Thus, the required area is

B

:2[21n

75. Using the formula for disks, the volume is

V= foﬂ/QW[f(x)]z dr = 7Tf0"/2 (cos®z)® dz = wf"/z) [3(1 + cos 21:)]2 dx

/2
0

7r/2

=3 (1 + cos® 2z 4 2 cos 2z) dz = 2 [1+%(1+cos4x)+2cos2m] dz

2

zg[(f"'s 0+0)-0] = i

/2

=%[3z+1(% sindz) +2(% s1n2z)]0

76. Using the formula for cylindrical shells, the volume is

V= fo"/Q 2nzf(z)de = 2m fow/z zcos’ zdz

_27rf"/2 (3 (1+cos2z)| de=2(1) 7 0"/2(x+a:<:052m)d:c

= ﬂ([%xz]gﬂ + [z(% sin 2:10)];/2 - fow/z Lsin 2z dm) [parts with u = 2, dv = cos 2z dz]

ZF[%(%) O——[——cos2m]”/2}:%3-%%(—1—1):%(71'3—4#)

71. By the Fundamental Theorem of Calculus,

I F'(@)de = Jim [} f'(@)dz = lim [£(t) - £(0)] = lim £(t) ~ £(0) = 0 £(0) = — f(0).

t—o0

- N
78. (a) (tan™' z) o= tl_l’rgo o tan ' zdz & tlinolo {% [ztan™'z — 3In(1 +:c2)]:)}
o =
o 1 B _ _ In(1 4 ¢2
_tlggo [? (¢ tan 1t—%ln(1+t2))J :tlivr& [tan lt__(T):’
BT 2t /(14 %) T T
2 tooo 2 2 2
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(b) f(x) > 0and [;® f(z) dz s divergent = lim [} f(z)dz = co.

t
z)dzr . t
fue = lim LS @dz 8 L(l-z [by FTC1] = lim f(x), if this limit exists.

i
— 00 t—a t—oo T—00

(c) Suppose [ f(z) d converges; that is, tlim fat f(z)dz = L < co. Then
—00

¢
1 -lirn/f(:v)dm:O-L:O

tosoot —a t—oo

1 [t 1 —
(@) (sinx),, = tl_lgl() z/o sinzdxr = tli‘ngo <Z - cosa:]t()) = tllvlgo <—COTSt + %) = t!lvngo l—tC—OSt =0

M letu=1/z = z=1/u = dz=—(1/u*)du.

* Inz % In(1/u) du  —Inu /0 Inu /°° Inu
/0 1o / T+1/u? \ w2 /oou2+1( du) = | T y 1+u2

oo

* lnz * Inz
= - dz = 0.
Therefore, /0 T dx /0 T+ 22 T

80. If the distance between P and the point charge is d, then the potential V" at P is

d d d
w q . q 1 q . 1 1 q
= = = = _— = l p—— — —_ =
v /Oo Fdr / 4meor? dr th—&r)lo 4meg [ r] . 4meo oo ( d + t Ameod

(oo}
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By symmetry, the problem can be reduced to finding the line z = ¢ such that the shaded area is one-third of the area
of the quarter-circle. The equation of the circle is y = v/49 — 2, so we require that IN VA9 — 22 dr = 3 5m(7)?
& [jzV49-—22+ 4 sin~!(¢/7)]; = $r  [by Formula30] < 3¢V49 —c + Lsin~1(c/7) = Hor.
This equation would be difficult to solve exactly, so we plot the left-hand side as a function of ¢, and find that the
equation holds for ¢ ~ 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the
pizza.

1 dx z° 1 1
2- I = = - = — 6 — 5
/.1:7—de /m(zﬁ—l) /zﬁ(xﬁ—l) dz 6/u(u—1) du [u=z°, du = 62° dz]

u—1

_6/(u—1 u)du—ﬁ(lnfu 1 ln|u|)+C~6ln '+C
1. 2% -1
=gl ——=+C

-7
Alternate method: / 1 dz = [ -2 4z [u=1-2"%du=6z"dz
7 -z 1—z-6

:é %f =ilnfu/+C= élnll—w_ﬁl +C
Other methods: Substitute u = z° or z3 = sec 6.
3. The given integral represents the difference of the shaded areas, which appears
to be 0. It can be calculated by integrating with respect to either z or Y, so we
find z in terms of y for each curve: y=vVli—-27 = g= Mand
y=v1-2% = z=3YT—y7 s
fol(f/iﬁ— m) dy= [} (V1—a3 - V1 —27) dz. But this

equation is of the form z = —2. So [ (V1T -2 — V1 —23 ) dz = 0. 0 x

4. (a) The tangent to the curve y = f(z) at £ = zo has the equation y — f(@0) = f'(z0)(z — z0). The y-intercept

of this tangent line is f(zo) — f'(zo)xo. Thus, L is the distance from the point (0, f(z0) — f'(z0)z0) to

) ) 2 _,2 /T2 _ .2
the point ( zo, f(z0)); that is, L? = z2 + [f'(z0)]? 22, s0 [f'(z0)]) = L~ = and f’(zo) = VL -z

2
g Zo

forO0 < zy < L.

661
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dy T2 — 22 T2 — 22
& T y=/<——————:-c—>dz‘

T
Letz = Lsin@. Then dx = L cos 6 df and

y:/—LCOSOLCOSGdG _I sin®6 —1
Lsiné N / sin 6

=L [(sinf — csc6) df
= —Lcosf — Lln|csch —cot 0| + C

JI2? —
- _ /Lz_m2_L1n<L___L_m2>+C"
T

T

de

Whenz =L,y =0,and 0 = —0 — Lln(1 — 0) + C, so C = 0. Therefore,
_JI? 2
y:—</L2—m2—Lln<L——L——m>
z

5. Recall that cos A cos B = }[cos(A + B) + cos(A — B)]. So
f(z) =[] costeos(z —t)dt = 3 [ [cos(t +z —1) +cos(t —z + t))dt
=1 [T [cosz + cos(2t — x)] dt = } [tcosz + 3 sin(2t — )]o
=Zcosz + 1sin(2r —z) - 3sin(—z) = Fcosz + 1 sin(—z) — 1 sin(—z)
= 5 COST
The minimum of cos  on this domain is —1, so the minimum value of f(z) is f(7) = —3.
6. n is a positive integer, so
[(nz)"dz = z(Inz)" ~ [z n(ln 2)" ' (dz/z) [byparts] =z(lnz)" —n [(In )
Thus,
fol (lnz)"dz = tl_ig:_ ftl (Inz)"dz = tEIgl+ [z(lnz)"]} —n tEr& ftl (nz)" 'dz
Int)™ 1 e 1 e
:—tirg+% —n/o (Inz)" 'dz = —n/o (Inz)" " dx
by repeated application of 1"'Hospital’s Rule. We want to prove that fol (Inz)™ dz = (—1)"n! for every positive
integer n. Forn = 1, we have
fol(lnzr:)1 dz = (-1) [, (Inz)°dz = — fol dzr = —1 [or [y Inzdz = lim, [zlnz — 2|} = —1}
t—0
Assuming that the formula holds for n, we find that
[l(nz)"de = —(n+1) JH(ne) de = —(n+1)(=1)"n! = (-1 (n+1)!
This is the formula for n + 1. Thus, the formula holds for all positive integers n by induction.
7. In accordance with the hint, we let I, = fol (1 - xz)k dz, and we find an expression for Ix1 in terms of I.. We
integrate Ix11 by parts with u = (1 — x2)k+l = du=(k+1)(1- wz)k(—2x), dv=dz = v=uz,and

then split the remaining integral into identifiable quantities:

Ijy1=z(1 — $2)k+1

:+2(k+1)f01 2?(1—2%)" do = 2k +2) [y (1—2)*[1- (1-a?)]de

= (2k + 2)(Ix — Ir+1)
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Solpy1[14+ (2k+2)) = 2k +2)Ix = Ixy1 = %Ik. Now to complete the proof, we use induction:

0012 )
Ih=1= 2 (1(:) , so the formula holds for n = 0. Now suppose it holds for n = k. Then

2k + 2 2k + 2
Ter = 5535 = 353 [(Qk—l— 1)!
R+ DP2EN? 22D (k4 1))?
C(2k+3)2k+2)(2k+1)!  2(k+1)+ 1]

226 (k2] 2(k+ 12D 2(k+1)  2(k +1)22¢ (k)2
} CQE+3)(2k+1)! T 2k+2  (2k+3)(2k+1)!

So by induction, the formula holds for all integers n > 0.

8. (a) Since —1 < sin < 1, we have 8
—f(z) < f(z)sinnz < f(z), and the graph of f y= fx)sinnx
y = f(z) sinnz oscillates between f(z) and — f (). -2 2
(The diagram shows the case f(z) = e® and n = 10.) As -f
1 — oo, the graph oscillates more and more frequently; see 3

the graphs in part (b).

(b) From the graphs of the integrand, it seems

that lim fol f(zx) sinnz dz = 0, since as n
n—00

increases, the integrand oscillates more and

more rapidly, and thus (since f’ is

continuous) it makes sense that the areas

above the z-axis and below it during each " n =200
oscillation approach equality.
() We integrate by parts withu = f(z) = du= f'(x)dz, dv =sinnzdz = o= 02,

n

/lf(z) sinnzdr = [_\f{z) cosnz} 1 -i-/1 cosnz f'(z)dz
0 0 0

n n
=1 (fol cosnzf'(z) dz — [f(z) cosn.z]cl,)
= % [fol cosnzf'(z) dz + £(0) — f() cosn]

Taking absolute values of the first and last terms in this equality, and using the facts that [o + 8] < |a| + |8 [

fol f(z)dz < fol [f(z)| dz, |£(0)| = f(0) [fis positive], [f'(z)| < M for0< 2z <1,and |cosnz| < 1,

’fol f(z) sinnwdg;l < % [

Jy M da| + [7(0)] + FOI] = 2 [+ 1£0)] + 7))

which approaches 0 as n — co. The result follows by the Squeeze Theorem.
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9.0 <a<b Now

. @t+D)(b-a)

1 b t t+1 b t41 t+1
[bz +a(l — )" dz = / Y4 _ _ _ u pttl _ g
/0 (1-2)]" de =9 u [putu = bz + a(l — )] ESOE)

prHl _ gl pitl _ gt+l

1/t
Now lety = li ) — 1 1 ¥ —a
y tﬁ“[( )] Then Iy m[tlnaﬂxbw)

a t—+1)(b——a ] . This limit is of the form 0/0,

so we can apply 1'Hospital’s Rule to get

Iny = lim [bt+1 Inb—a'*'lne 1 ] _blmb-alna  _ blnb alne pb/ (b—a)
t—0 pt+l _ gt+1 t+1] b—a —b_a—b_a—ne_ln————eaa/(b_a)_
e 1/(b—a)
Therefore, y = e~ * <__> )
aa
10. From the graph, it appears that the area under the graph of

f(z) = sin(e”) on the interval [t,t + 1] is greatest when

t ~ —0.2. To find the exact value, we write the integral as

I= [ f(z)de = "1 f(z) dx — [; f(x) dx, and use FTCI

—Jo

to find dI/dt = f(t + 1) — f(t) = sin(e**!) —sin(e’) =0
when sin(e*!) = sin(e*).

Now we have sinz = siny whenever z — y = 2k and also whenever z and y are the same distance from

(k + %), k any integer, since sinz is symmetric about the line z = (k + 3 ). The first possibility is the more
obvious one, but if we calculate e"t' — e* = 2km, we gett = In(2kn /(e — 1)), which is about 1.3 for k =1 (the
Jeast possible value of k). From the graph, this looks unlikely to give the maximum we are looking for. So instead
wesetet™ — (k+ 3)m=(k+3)m—¢ & et pet=02k+1)r & e(e+1)=@2k+)r <
t=In((2k+)m/(e+1)).Nowk=0 = t= In(r/(e + 1)) ~ —0.16853, which does give the maximum

value, as we have seen from the graph of f.

1. An equation of the circle with center (0, ¢) and radius 1 is
2?2+ (y—c)?= 12, so an equation of the lower semicircle is
y = ¢ — /1 — z2. At the points of tangency, the slopes of the line

and semicircle must be equal. For > 0, we must have

=2 5 ——e—==2 = z=2/1-22 =

V1 —xz2

22 =4(1-2°) = 5p2=4 = =% = a::%\/g
andsoy = 2(2V5) = 4 /5. The slope of the perpendicular line segment is —3, so an equation of the line

segmentisy—%\/g:—é(x—%\/g) & y:—%m—i—%\/g—k%\/g & y:;é—m—t—\/g.soc:\/gand
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an equation of the lower semicircle is y = v/5 — v/1 — z2. Thus, the shaded area is
2/0(2/5)\/3 [(\/5— \/1——302) —Zm] dz 2 2[\/5:::— gm- %sin_lm—xQL
:2[2—£-L —lsin—1<i> —é] —-2(0)

(2/5)V5

5 V5 2 V5 5
:2[1~ %sin_1<%>] :2—sin_l<%>
12.(a)M%—ub=—Mg = (Mo—bt)%;—’zub—(Mo—bt)g = %:ﬁ—g =
v(t) = —uln(Mo — bt) — gt + C. Now 0 = v(0) = —uln My + C, s0 C = uln My. Thus
v(t):ulnMo—uln(Mo—bt)—gt:uln%—gt.
(b) Burnout velocity = v(%) = 1Lln1\/[—01\{[_072 —g% = uln—ﬁ—iJ — %

Note: The reason for the term “burnout velocity” is that M, kilograms of fuel is used in M /b seconds, so
v(Mz/b) is the rocket’s velocity when the fuel is used up.

(c) Height at burnout time = y<AZ > Now Z—? =v(t) = uln My — gt — uln(My — bt), so
t2
y(t) = (uln Mo)t — 97 - % (Mo — bt) In(Mo — bt) + ut + C. Since 0 = y(0) = %Mo In Mo + C., we get
C = —%Mo In Mo and y(t) = u(1 + In Mo)t — 97 + = (Mo — bt) In(Mo — bt) — %MO In Mo. Therefore,
the height at burnout is
M. M, M, \?
y( =2 ) =u@+ M) =2 — (22} L Ypryn g, - EMolnM0
b b 2\ b b
u M, u u My g(M\?
=My — Myl Mo+ My M, — 9 == = =1 g2z
b pMaIn Mo+ M n M, 2<b> p Mt pMiln gt =0 (5

[In the calculation of y(M2/b), repeated use was made of the relation Mo = M; + M. In particular,
t=M/b = My—bt= M.

(d) The formula for y(t) in part (c) holds while there is stil] fuel. Once the fuel is used up, gravity is the only force

d d
acting on the rocket. — Mg = M, d1tj = d—::_g = v(t)=—gt+01,wherec1—v<]\b4>+g‘ll\)/[2
(M, M,
o o o(2) (i)
(t)—v< )( ) g(t—%) + ca, whereCQ—y<Azz>,so
M, M, M, g M, M
t) = -—=)-Z(t-22 =2
0 =o(5) o () (- 5) 42 o0 2
M, gt
To summarize: For0<t<—b— Y(t) = w(l +In Mo)t — Z— E( — bt) In( o—bt)—zMolnMo
M 2
[from part (c)], and for ¢ > TQ’ y(t) = y(%) + v(%) (t - %) - g<t - %) [from above].

M2 M,
Y e and v 5 are given in parts (c) and (b), respectively.
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. . 1 -1
13. We integrate by parts with u = —————, dv = sintdt, so du = d
In(1+z +t) (14 z+t)[In(1 + z + t))° o
v = — cos t. The integral becomes
I:/°° sintdt lim [ —cost ]b_/b costdt
Jo mA+z+t) s=co\[m(l+z+8)], Jo Q+z+t)n(l+z+1)*
. —cosb 1 ° —costdt 1
= lim + +/ = J
booo In(l+z+b) In(l+x) 0 (1+m+t)[ln(l+z+t)]2 In(1+ z) +
o - tdt
where J = / cos 5. Now —1 < —cost <1 for all ¢; in fact, the inequality is strict
o (I+z+t)n(l+z+1t)]
o) [e o)
except at isolated points. So — / dt 5 <J< / di 5
o (14+z+t)In(l+z+t) o (I+z+t)In(l+z+1)]
1 1 2
e << —— & << /.
In(1+ z) In(1 + z) < In(1+x)

14. (a) Tn(z) = cos(n arccos z). The domain of arccos is [—1, 1], and the domain of cos is R, so the domain of Tr ()
is [~1,1]. As for the range, To(x) = cos 0 = 1, so the range of To(z) is {1}. But since the range of n arccos x
is at least [0, 7] for n > 0, and since cosy takes on all values in [~1,1] for y € [0, 7], the range of Tn(z) is

[—1,1] forn > 0.
(b) Using the usual trigonometric identities, T2(z) = cos(2 arccos z) = 2 [cos(arccos z))> —1=22>—1,and
T3 (z) = cos(3 arccos &) = cos(arccos £ + 2 arccos x)

= cos(arccos x) cos(2 arccos ) — sin(arccos z) sin(2 arccos )
=z (2m2 — 1) — sin(arccos z) 2 sin(arccos ) cos(arccos )]
=22 —z — Z[Sing(arccos z)|z= 2z° —x — 2x[1 - cos’ (arccos z) |
:213—x—2m(1—w2) =4z® — 3z

(c) Let y = arccos z. Then

Try1(z) = cos[(n + 1)y] = cos(y + ny) = cosycosny — sin ysinny

= 2cosy cosny — (cosy cosny + siny sin ny) = 22T, (z) — cos(ny — y)
= 2zTn(x) — Tn-1(z)

(d) Here we use induction. To(z) = 1,2 polynomial of degree 0. Now assume that Tk (x) is a polynomial of degree
k. Then Tk41(z) = 22Tk (z) — Tk-1(z). By assumption, the leading term of T} is arz”, say, so the leading
term of Ti11 is 2zaxz® = 2a,z* ", and so Ti1 has degree k + 1.

(e) Tu(z) = 22Ts(z) — T2(z) = 2x(42° — 3z) — (22 - 1) = 8zt — 8z% + 1,

Ts(z) = 22Tu(zx) — Ta(z) = 2z (8.’1:4 —8z%+1) — (42® — 3z) = 162° — 20z° + 5z,
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Ts(z) = 2zTs(z) — Ta(x) = 22(162° — 202° + 5z) — (82" — 82% + 1) = 322° — 482* + 1822 — 1,

Tr(z) = 22Ts(x) — Ts(z) = 2x(322° — 48z* + 182% — 1) — (162° — 202® + 52)
= 642" — 1122° + 562° — 7z

(f) The zeros of T (z) = cos(n arccos ) occur where n arccosz = kr + 5 for some integer k, since then

cos(narccos x) = cos(km + Z) = 0. Note that there will be restrictions on k, since 0 < arccosz < 7. We
continue: narccosz = km + %

% . kr+ %

& arccoszx = 2 This only has solutions for 0 < Ea— <7
& 0<km+ 3 <nm & 0<k < n. [This makes sense, because then Tn(z) has n zeros, and it is a
polynomial of degree n.] So, taking cosines of both sides of the last equation, we find that the zeros of Tn(z)

kn+ %

occur at £ = cos

, k an integer with 0 < k < n. To find the values of z at which T(z) has local
extrema, we set 0 = T}, ()

= —sin(n arccos ) —n__ _ nsin(narccosz) < sin(narccosz) =0
1-— 22 V1i—z2
< marccosx = km, k some integer < arccosz = km/n. This has solutions for 0 < k < n, but we
disallow the cases k£ = 0 and k = n, since these givez = 1and z = —1 respectively. So the local extrema of
T (z) occur at z = cos(km/n), k an integer with 0 < k < n. [Again, this seems reasonable, since a
polynomial of degree n has at most (n — 1) extrema.] By the First Derivative Test, the cases where k is even

(@

give maxima of T;,(z), since then n arccos [cos(km/n)] = kr is an even multiple of 7, so sin (n arccos ) goes

from negative to positive at z = cos(kn/n). Similarly, the cases where k is odd represent minima of T}, (x)

(h)

(i) From the graphs, it seems that the zeros of T, and T,
there is a zero of T},

+1 alternate; that is, between two adjacent zeros of T},
+1, and vice versa. The same is true of the z-coordinates of the extrema of T, and Th,y1:
between the z-coordinates of any two adjacent extrema of one, there is the z-coordinate of an extremum of the
other.

(J) When n is odd, the function T, (z)

is odd, since all of its terms have odd degree, and so f_ll Tn(z)dz = 0.
When n is even, T, (x)
gets larger.

is even, and it appears that the integral is negative, but decreases in absolute value as n
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1 .
&) [2, Tn(z) dz = f_ll cos(n arccos ) dz. We substitute u = arccosz = z =cosu =

dz = —sinudu,z=-1 = u=mandz=1 = wu=0.So the integral becomes

ks
/ cos(nu) sinudu
0

= /07r %[sin(u — nu) + sin(u + nu)| du

1 {cos[u —n)u]  cos[(1+ n)u]} "

2 n—1 n+1 o
l -1 - -1 — 1 — ! if n is eve 2
2i1\n—-1 n+1 n—1 n+1 1s even TR if n is even
)1 1 1 1 1 B o
it _ — — ifni 0 if n is odd
2[(n—1 n+1> <n—1 n+1)] ifnis odd

(1) From the graph, we see that as c increases through an integer, the graph of f gains a local extremum, which

starts at z = —1 and moves rightward, compressing the graph of f as c continues to increase.






